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MG dau

Céac dinh 1y Thales (Talet), Pythagoras (Pitago), dinh 1§ vé duong
phan giac, dinh 1y dudng trung tuyén, dinh 1y ham sb cosin, dinh 1y ham
s6 sin... 1a nhitng dinh 1y co ban ctia hinh hoc phang da dugc gidi thicu
trong sach gido khoa hinh hoc bac pho thong & hau hét cac quoc gia.

Nhiéu tinh chat dep va quan trong khéc ctia hinh hoc phang dudc
gidi thieu chil yéu duéi dang cac bai toan nang cao, hay cac bai toan
ctia cac ky Olympic. Dé giai cac bai toan nay thusng phai van dung cac
dinh ly nhu dinh ly Ptolemy (Ptolémeé) vé tit gidc noi tiép, dinh ly Ceva
(Xéva) vé cac duong thang dong quy trong tam gidc, dinh Iy Menelaus
(Ménélauys) vé cac diém thang hang, dinh ly Simson (Simson), dinh ly
Euler (Ole), dinh 1y Brianchon, dinh 1y Newton (Niuton)...

Cac tinh chat nay rai rac dudgce gidi thiéu trong cac tai lieu danh cho
cac hoc sinh giéi. Nhiéu chuyén gia va tai lieu nude ngoai da goi cac dinh
I n6i trén la "Famous geometry theorems" - "Cac dinh ly hinh
hoc ndi tiéng". Hién nay tai lieu biing Tiéng Viet vé cac dinh 1y hinh
hoc noi tiéng chua c6 nhiéu va con tan man. Can thiét phai gidi thicu
cac dinh 1y trén va nhiing 4p dung ctia ching mot ciach day du hon.

Vi vay, viéc tim hicu sau thém vi gi6i thieu Cac dinh 1y hinh hoc
noi tiéng 1a can thiét cho cong viec hoc tap va gidng day toan hoc &
bac phd thong. Ban luan van "Mot sé dinh 1y hinh hoc noi tiéng va
ap dung" dudc tién hanh vao gitta nam 2010 cht yéu dua trén cac tai
licu [3,7-9], trong d6 tai licu [3] ching t6i méi duge lam quen tir théng
3 nam 2011.

Ban luan vin "Mot sé dinh 1y hinh hoc néi tiéng va ap dung"
gom c6: Mé dau, nam chuong noi dung, két luan va tai lieu tham khao.
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Chuong 1. Tam giac.

Chuong nay trinh bay cac dinh 1 co ban ctia hinh hoc phiang da duge
day & bac trung hoc co s6 va trung hoc phd thong nhu dinh 1y Thales,
dinh 1y Pythagoras, dinh Iy duong phan giac, dinh 1y Stewart, dinh 1y
Appollonius-Pappus, dinh 1y ham s6 sin, ham sd cosin, cac cong thic
ve dién tich tam gidc...Khac véi nhiéu tai lieu vé hinh hoc so cap, ban
luan van nay da gidi thiéu cach chiing minh don gian cac dinh 1y Thales,
Pythagoras va dinh 1y Stewart. Chuong nay con trinh bay vé tam giac
pedal, trong do pedal tryc tam la sy tim toi ctia tac gia. Chuong nay
ciing trinh bay 17 bai toan vé ap dung cac dinh 1y noéi tren.

Chuong 2 . T giac.

Chuong nay trinh bay mot s6 dinh 1y lien quan dén td giac va céc
bai toan ap dung. D6 la dinh 1y Ptolemy, dinh 1y Bretchneider, dinh ly
Casey, dinh Iy Canot. Chuong nay con dé cap dén tit giac dic biet nhu
t1t gidc noi tiép, t gidc ngoai tiép, tt giac dong thoi ngoai va noi tiép,
t1t giac dieu hoa, trong d6 10 tinh chat vé tit gidc ngoai tiép 1a su tim toi
cua tac gia ban luan van. Trong chuong nay toi giéi thiéu 20 bai toan
ap dung céc dinh Iy lien quan dén t giac.

Chuong 3. Cac dudng thang déng quy.

Chuong nay trinh bay cac kién thic vé duong thing dong quy, dic
biet 1a dinh 1y Ceva véi cac md rong trén mat phang va trong khong
gian. Chuong nay ciing giéi thicu mot so6 diém dac biét trong tam giac
dugc tao nén béi cac dusng thang dic biet dong quy. Trong chuong nay
trinh bay 11 bai toan lien quan dén cac dusng thang dong quy, trong dé
da phan dugc trich ra tit cac dé thi vo dich Quéc té va Viet Nam.

Chuong 4. Cac diém thang hang.

Chuong nay trinh bay cac kién thic lien quan dén cac diém thing
hang, dac biét la dinh Iy Menelaus va cac md rong trong tit giac, trong
khong gian. Chuong nay con giéi thiéu dinh ly Desargues, dinh ly
Pappus va 10 bai toan lien quan dén céc diém thing hang.
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Chuong 5. Dudng tron.

Chuong nay gisi thieu mot s6 dinh 1y hinh hoc ndi tiéng lien quan dén
duong tron nhu dinh 1y Euler vé duong tron Euler, dinh 1§ Simson vé
dudng thang Simson, dinh 1y Steiner, dinh 1§ Newton, dinh 1§ Brianchon
va mot s6 dinh 1y khac. Trong chuong da trinh bay 16 bai toan lién quan
dén duong tron.

Luan van nay dudgc hoan thanh véi sy huéng dan cia TS. Nguyén
Van Ngoc - Vien Toan Hoc Ha Noi. Tac giad xin duge bay toé long biét on
chan thanh va sau sic t6i Thay huéng dan, t6i cac thay co gido Truong
Dai hoc Khoa hoc - Dai hoc Thai Nguyén. Dong thaoi tac gia xin gii 1oi
cam on t6i tap thé 16p Cao hoc Toan K3 - Trusng Dai hoc Khoa hoc da
dong vién, gitip do trong qua trinh hoc tap va lam luan van nay.

Tac gia xin cam on S& Gido duc - Dao tao tinh Ha Giang, Ban Giam
hiéu va dong nghiép ctia truong THPT Hung An, truong THPT Dong
Yén - Huyén Bic Quang da tao dieu kién vé moi mat dé tac gia dudc
tham gia hoc tap va hoan thanh khoa hoc.

Thai Nguyén, ngay 25 thang 06 nam 2011
Tac gia

Vu Van Duc
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Chuong 1
Tam giac

1.1. Ki hiéu va hé thic co ban trong tam giac

Ki hieu AABC la tam giac ABC véi cac dinh 1a A, B, C. Dé thuan
tién, do 16n ctia cac géc ing véi cac dinh A, B, C ciing dugce ki hiéu tuong
ting la A, B, C.

Do dai cac canh cua tam giac: BC' =a,CA=0,AB = c.
a+b+c

Ntta chu vi cua tam gidc: p = 5

Dudng cao v6i cac canh: hg, hy, he.
Duong trung tuyén véi cac canh: my, my, me.
Duong phan giac véi cac canh: [, [y, [..
Ban kinh duong tron ngoai tiép R, ban kinh duong tron nai tiép 7.
Ban kinh duong tron bang tiép cac canh: R,, Ry, R,.
Dién tich tam giac ABC: S = Sapc hay [ABC].
He thic vé goc:
A+ B+ C =180°(w).

Heé thic vé canh:
b—c|<a<b+ec |c—al<b<c+a; Ja—b<c<a+bd.

Cong thtic tinh dién tich tam gidc. Dién tich tam gidc bang mot niia
tich cia mot canh v6i duong cao tuong ing:

1 1 1
AB == — ha = _bh == — hc.
[ABC] 2a 50l 20

1.2. Dinh ly Thales va dinh ly Pythagoras
1.2.1. Dinh ly Thales

Thales va Pythagoras 1a hai nha toan hoc xa xua nhat ma lich sit
Toan hoc con ghi lai dugc. Thales sinh truéc Pythagoras nita thé ky,
tung 1a thay day ctia Pythagoras va da danh gia rat cao tai ning cia
cau hoc tro nhé tudi. Thales sinh khoang nam 620 vi mat khodng nam
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546 truéc Cong nguyen (TCN). Ong sinh ra ¢ thanh phd Miletus giau
c6 clia xt lTonia thinh vuong ven bién phia tay Tiéu A. Thales da dén
Ba-bi-lon, Ai Cap va thu thap dudc tit nhitng xit sé 4y nhiéu kién thic
toan hoc. Ong dugc coi 1a ngudi sang 1ap nén toan hoc Hy Lap.

Thales 14 nha buon, nha chinh tri va triét hoc, nha toan hoc va thién
van hoc. Ong la ngudi dau tien trong Lich st toan hoc dua ra nhiing
phép chimg minh. Ong da ching minh duge dinh Iy vé su tao thanh cac
doan thang ti lé (Dinh 1y Thales) va céc dinh 1y vé hai géc déi dinh, hai
goc ¢ day clia mot tam gidc can, goc noi tiép chan nira duong tron.

Thales da do dugc chiéu cao ciia cac Kim Ty Thap bang cach do
béng nang clia ching, tinh duge khoang cach tit cac con tau dén bén
cang nho cac tam gidc dong dang. Thales ciing 1a nguoi dau tién trong
Lich sit toan hoc doan truéc duge cac ngay Nhat thuc: Hién tugng xay
ra ding vao ngay ma ong duy doan, ngay 28 thang 05 nam 585 TCN,
trong sy kham phuc ctia moi nguai.

Dinh nghia 1.1. Hai doan thang AB va CD goi la ti lé v6i hai doan
thang A’B’ va C’D’ néu c6 ti 1é thiic
AB A'B AB CD

cop-cp ™ ap oD (L1

Dinh ly 1.1. (Dinh Iy Thales trong tam giac). Néu mot duong cat hai
canh ctia mot tam giac va song song véi canh con lai thi né dinh ra trén

hai canh con lai nhitng doan thang ti Ie.

Ching minh.

Xét tam gidc ABC va gia st dudng
thang za'//BC, cat canh AB va AC tuong
ung tai D va E. Ta sé ching minh

AD o AE (1 2) X D, E x’

DB~ EC ' Zéf:>><i:5§

Vi DFE song song v6i BC, nén dién tich B ¢
tam giac DEDB bang dién tich tam giac Hinh 1.1
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DEC. Trong tam giac ABE ké duong cao EF'F. Khi do

1

= = (1.3)
|BDE] %BD.EF BD
Tuong tu ta co
[ADE] AFE
= : 1.4
[BDE] CFE (14)

Tu (1.3) va (1.4) suy ra hé thic (1.2) (dpem).
Hé qua 1.1. Trong tam gidac ABC, néu duong thing zx' cit AB & D
va cat canh AC 6 E, thi

AB AC AB AC
AD ~ AE' DB EC

(1.5)

Dinh ly 1.2. (Dinh lyj Thalet ddo) Néu mot duong cit hai canh ctia mot
tam gidc va dinh ra trén hai canh nay nhitng doan thang tuong iing ti
lé thi duong thang doé song song véi canh con lai clia tam giac.
Ching minh. Gia sit duong thiang zz’ cit cac canh AB, AC clia tam
AB AC
iac ABC theo thu ty tai D va E ho — = —.
giac €o Itai D va E, sao cho o5 = —~
Ta phai ching minh DE//BC.
Qua D ké duong thing song song véi canh BC' cit canh AC tai diem

AB  AF AE AFE

E'. Th inh 1y thua H —— = = —

eo din ytuantacoDB fole :>E’C 50
@AE’Jrl_AE+1©AE’+E’C_AE+EC(:)AC_AC’
E'C  ~  EC EC  EC E'C  EC’

hay E'C = EC', ticla E = E'. Do d6 DE//BC (dpcm).

Hé qua 1.2. Néu mot duong thing cit hai canh (hodc phan kéo dai
cua hai canh) ctia mot tam giac va song song vdi canh con lai thi né tao
thanh mot tam gac mdi c6 ba canh tuong tng ty Ié véi ba canh cilia tam
giac da cho.
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Hé qua 1.3. Nhiéu duong thing song song dinh ra trén hai cat tuyén
nhiing doan thing tuong iing ty lé.

Bai toan 1.1. Cho hinh thang ABCD véi AB//CD. M la trung diém
ctia CD. Goi I la giao diém ctia AM va BC, K Ia giao diém ctia BM
va AC. Chiing minh rang IK//AB.
L gidi. Ta 6 AAIB ~ AMID (Do AB//MD, AIB = MID) =
IM ~ MD
IA  AB’

Mt khac MD = MC,AB//MC

(gid thiét) ’ B
N KM MC = IM KM
= nén = :
KB AB IA KB
= IK//AB (Theo Thalet déo ta suy D C

M

ra diéu phai chiing minh). Hinh 1.2

1.2.2. Dinh ly Pythagoras

Dinh 1§ ndy mang tén nha triét hoc va nha toan hoc Hy Lap song vao
thé ky thi VI TCN, méc du dinh 1y nay da dudc biét bdi cac nha toan
hoc An Do, Hy Lap, Trung Quéc vi Babylon tit nhidu thé ki trude. Hai
cach chitng minh co nhat ctia Dinh 1y Pythagoras dudc cho 1a nim trong
quyén "Chu bé toan kinh" khoang 500 dén 200 TCN va "Cac nguyén
t6" ctia Euclid khodng 300 nam TCN.

Dinh nghia 1.2. Tam giadc vuong la tam giac c6 mot goc vuong. Canh
déi dien vé6i géc vuong dude goi 1a canh huyen, hai canh ké géc vuong
ducc goi 1a hai canh ké hay hai canh gbc vuong.

Cach phat biéu ctia Euclid: Tong dién tich ctia hai hinh vuong vé trén
hai canh goc vuong (hai canh ké goc vuong) bang dién tich ctia hinh
vuong vé trén canh huyén.

Duing dai s6 so cap hay hinh hoc dai s6 c6 thé viét dinh 1y Pythagoras
du6i dang hién dai, chia ¥ rang dién tich ctia hinh vuong bang binh
phuong do dai canh ctia hinh vuong do.
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Dinh 1y 1.3. (Dinh Iy Pythagoras thuan) Trong tam gidc vuong, binh
phuong do dai canh huyén bang tong binh phuong do dai hai canh géc
vuong. Néu tam gidc ABC vuong tai A thi a®> = b + 2.

Ching minh.

Céch 1. Khong mat tinh téng quat, gia
st rang b > c. Dyng hinh vuong BCPQ b
c6 do dai cac canh bang a, dung vao bén

trong hinh vuong 4 tam gidc vuong bing
tam gidc vuong ABC.
Ta thay dién tich ctia hinh vuong canh b-¢

a bang tong dién tich clia 4 tam giac vuong
bang tam gidac ABC véi dién tich ctia hinh

vuong canh (b — ¢). Hinh 1.3

1

Vay ta c6 a® = 4.§.bc + (b —¢)? = 2bc + b? — 2bc + 2 = b + 2.

Cdch 2. Cach ching minh co dién
Bé dé 1.1. Trong tam giac vuong, binh phuong do dai méi canh géc
vuong bang tich do dai canh huyén véi do dai hinh chiéu cla canh géc
vuong dé lén canh huyeén b* = ab/, ¢ = ac.
Ching manh.

Vi hai tam gidc vuong ABC va HBA
c¢6 ABC' chung nén AABC ~ AHBA. Suy

AB BC 5 ) . b
= ac.

Chiing minh tuong tu, ta cé ST b’ ¢
AABC ~ AHAC. Suy ra b = ab. Hinh 1.4

Theo b6 dé trén ta c6 b> = ab; ¢ = ac.

Cong timg vé hai dang thic trén, ta duge b? + ¢ = a(b' + ) = d®.

Dinh 1y 1.4. (Dinh lyj Pythagoras ddo) Néu binh phuong do dai mot
canh ctia tam giac bang tong binh phuong do dai ciia hai canh kia, thi
géc clia tam gidc nam giita hai canh d6 bang géc vuong. Néu trong tam
gidc ABC ma a® =b® + ¢ thi A = 90°.
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Két luan: Mot tam giac 1a vudng khi va chi khi binh phuong do dai
ctia mot canh bang tong binh phuong do dai ctia hai canh kia.

1.3. Dinh 1y ham s6 sin va dinh 1y ham sé cosin

1.3.1. DPinh Iy ham sb sin
Dinh 1y 1.5. Trong tam giac ABC' c6 cac hé thic
a b c
simnA _ sinB sinC

Chitng minh. Vé dudng tron ngoai tiép tam gidc ABC. Vi cac goc
A, B, C ¢6 vai trdo nhu nhau, nén ching ta chi chitng minh (1.6) cho goc
A,

Vé duong kinh BA'.

a) Néu A =90° thisin A =1, a=2R, nén (1.6) dung.

b) Xét truosng hop A nhon.

Ta c6 A = A’ (gbc noi tiép cung chin A
mot cung nh6 BC') do dé: A
BC )
sin A = sin A’ ¢ ¢ 2R. ‘

BA’:2R(:)sinA: B c
c) Xét truong hgp A ti.
Khi d6 A+ A" = 180°, do d6

2R. (1.6)

Hinh 1.5
BC a a
inA =sin (180° — A’) =sin A’ = = = 2R.
sin sin (180 ) = sin B4 =38 i R
1.3.2. Dinh Iy ham sb cosin
Dinh 1y 1.6. Trong tam giac ABC' ¢6 cac hé thiic
a? = b* + ¢* — 2bccos A; (1.7)
v = a® 4 2 — 2accos B;
¢ =a® +b* — 2abcos C. (1.9)

Ching minh.
Cach 1 (Dung cong cu vecto). Vai tro cua a,b, ¢ nhu nhau, ta chi
chitng minh cong thic (1.7).
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. - —
Déddngiéntadat:E):B?, bz@, @ = BA.

— —
Taco d=b+¢=ad*=(b+7)

— —
d2= b2+ 72+ 2bc.cos(b, )
sa? =02+ &+ 2be. cos (m — A) = b% + 2 — 2be. cos A.

Cdach 2 (Dung cong cu dai s6). Day chinh 13 tng dung ctia dinh 1y
Pythagoras.

Trudng hop ca hai goc B, C' déu 1a géc nhon.
Ap dung dinh Iy Pythagoras cho hai tam giac
vuong ACH va ABH ta c6 AH?>+CH? = AC? 2
va AH? + BH? = AB?.

Trit tuong tng 2 vé ciia 2 dang thic trén ta
dugec CH? — BH? = AC? — AB?
= (BC — BH)? — BH? = AC? — AB? Hinh 1.6
= BC? —2BC.BH = AC? — AB? hay a®> — 2a.BH = b* — 2.

A T C

a’+ - b

= BH=—-—". 1.10
5a (1.10)
» . ) BH _ -
Trong tam giac vuong ABH c¢6 cos B = 15 Két hgp véi (1.10) ta
2 2 _ 2
suy ra: cos B = % hay b = a® + ¢ — 2accos B.
ac

Twong tu ta chitng minh duge
A =a’>+b*—2abcosC; a®> ="+ ¢ — 2bccos A.

1.3.3. Bai toan
Bai toan 1.2. (F.Smarandache) Cho tam gidgc ABC, D la diém tuy y
trén canh BC. Gia st BD = m,CD =n, BAD = a,CAD = 3. Khi dé

m c.sln «

n  b.sinB’

(1.11)

1 1
Lot giai. Ta c6 [BAD] = §m.ha = §AB.AD. sin

[CAD] = %n.ha = %AC.AD. sin 3.
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Tu do suy ra )
1 1 :
(BAD) §m.ha §AB.AD.Sma
cAp] 1 1 i
[ ] én,ha §A(J.AD. sin 3 B 5 ¢
m  c.sino
oM d . Hinh 1.7
n  b.sinp (dpem)
~ 2 e 2, S 19 7 j ] ) A
Hé qua 1.4. Gid st AD la phan giac cua géc A. Khi d6 o = [ = 2

m  c
én tur (1.11) ta c6 — = —.
nén tir (1.11) ta c6 =3
Bai toan 1.3. (J. Sandor) Gia sit AD va AFE la hai tia (D, E € BC)

tuong ting tao véi AB va AC céc géc o, 8. Néu A < 90° va a < 3 thi

BD.BE < ABQ. (1.12)
CD.CE — AC?
Lot giai. That vay theo cong thiic (1.11) ta co
BD ABD = AB.sina
CD ACD AC.sin(A— «)
Tuong tu ta co BE _ AB.sin (A _ 04).
' CE AC. sin
BD.BE  [AB\” sina sin (A —
7 CD.CE <AC’> 'sin 8 sin EA — i; (1.13)

Vio<a<pf<90°va0<A—(F<A—a<90°% tu (1.13) = (1.12).
BD.BE  (ABY’
CD.CE \ AC

Nhan xét rang, néu a = 3 thi
1.4. Dinh ly Stewart va ap dung

1.4.1. Dinh ly Stewart

Dinh 1y 1.7. Cho AABC' véi cac do dai BC = a,CA = b, AB = c.
Ké tia Am cua géc A, cat canh BC tai M. Gid stt AM = p, BM =
m, MC = n. Khi dé:

a(p® +mn) = mb* + nc’. (1.14)
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Ching minh. Ap dung dinh 1y ham s6 cosin cho cic tam giac AM B
va AMC, ta co

& = p? + m? — 2pm cos (A/]\ﬁ?), v’ = p* +n? — 2pncos (m)
Cht y rang cos (A/]W\B) = cos (1T — A/]W\B) = —Cos (A/]W\C), nen ta co
& = p* + m? + 2pm cos (A/]W\C), v = p? +n® — 2pncos (m)
Suy ra

nc? +mb* = p*(n +m) + mn(m +n) = (m + n)(p* + mn) = a(p® + mn).

2

= a(p* + mn) = mb* +nc*  (dpcm).

1.4.2. Dinh ly dudng trung tuyén
Dinh ly 1.8. Trong mot tam giac ba duong trung tuyén gap nhau tai
mot diem dugc goi la trong tam clia tam gidc. Trén mdi dudng trung
tuyén, khodng cach tir trong tam dén dinh bang hai lan khoang cach
trong tam dén chan duong trung tuyén.
Dinh 1y 1.9. (Dinh Iy Apollonius - Pappus). Trong tam giac ABC c¢6
cac hé thiic sau day ve duong trung tuyén.
, PHd @, Pid P

a 9 4’ b —
Ching minh.

Cédch 1: Theo phan ching minh dinh 1y cosin trong tam giac ta c6

222
két qua: BH = L.
2a

2 b2 2
2_ 0% —fi.(1aa

m

m 2 RIAC 2

Gid st AB < AC thi BH < BM nén

2 2_b2 2_b2 b2_2
HM=BM_BH=2_%*¢ _¢ gy roc
2 2a 2a 2a

T dé
m2 = AM? = AH* + HM?* = AB*> — BH? + HM?*
5 <a2—|—c2 —b2>2+ <C2 —b2)2 _ 2 at + 2a*(c* — 1?)

- 2a 2a 4a?
g + b @
mo = - —.
@ 2 4
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24 42 B2 22 2
Tu’dngtu’tacémz:%—z; mz:a; —%a.
Cdch 2: Trong cong thic (1.14) dat p =my,m =n = o1 ta co

2 b2 o 2 2
a(mg—l—az) = g(bQ—l—CQ) = m’= —;C _az-

Cac cong thtc con lai duge chtiing minh tuong tu.

Bai toan 1.4. Chitng minh rang, néu my = m,., thi tam giac ABC can
tai A.

Lot gidi. Theo cong thic dudng trung tuyén ta co

) A4+a2 b a4+ 2

¢
¢ 2 4 2 4
1
= Z(3c2 —3b%) = 3(c — b)(c +b).

Tu day suy ra b = ¢ va ta c6 dieu phai chitng minh.

1.4.3. Dinh ly vé dudng phan giac

Dinh ly 1.10. Duong phan giac trong ctia géc iing voi mot dinh ciia
tam gidc chia canh déi dién véi dinh thanh hai doan tf Ié véi hai canh
keé.

Ching minh. Cho tam giac AB;l% va fll)DB la duong phan giac trong ctia

goc BAC’.? Ta phai ching niunh 1C = Do
Qua diém B vé duong thang song

song véi canh AC, cat dudng thing A

AD taidiém E. Ta c6 BAE = EAC

(gid thiét) va BEA=EAC (so le

trong). B \ b ; A
E

Suy ra BAE = BEA. Do d6 tam
giac BAFE can, nén AB = BE.

Ap dung he qua cta dinh ly Hinh 1.8
Thales ta c6 BE _ DB
ales ta ¢6 — = = 5=
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AB DB
Nhung BE = AB: do do E = Do
Chu y: Dinh Iy van ding doi véi duong phan giac ngoai ciia tam giac
AB D'B
AC ~ DC
Dinh ly 1.11. (Cong thitc duong phan giac). Do dai cac phan giac
la, Iy, . cia géc A, B, C' trong tam giac ABC' tuong ting dugc tinh theo
cong thiic
2bc A 2ca B 2ab C

b—l—cCOS2 b c+aC082 a+bCOSZ ( )

Ching manh. Sit dung cong thic dién tich tam giac
[ABC| = [ADB] + [ADC]
A A A
< b.c.sin (5) = AD.c.sin (5) + AD.b.sin (5)

A A A
& 2be. sin (5) oS (5) = AD.sin (5)(19 +c
2bc A 2bc A
AD = : — o= : —).
= b+ccos(2)$l b+ccos(2)

Chiing minh tuong tu ta suy ra 2 cong thiec:

2ca B 2ab C
ccos(=); .= .cos (—

I, = S = .
b 2)’ a+b 2)

_c+a

Dinh 1y 1.12. (Dinh Iy Steiner - Lehmus). Tam gidc c¢6 hai duong phan

gidc bang nhau la tam gidc can.

Ching minh. Gia st trong tam giac ABC' ¢6 [, = [.. Ta sé chting minh
b = c. Sit dung céc cong thitc (1.16) va cac bién doi dai s6 can thiét ta

pe

CO
(a+ b+ ct)(be + a?) + 2abc

(@ +b)(a+ 0y (1.17)

0=1;—I2=ala+b+c)(c—0b)

Trong cong thitc (1.17) thita s6 duy nhat c6 thé biang khong la ¢ — b,

vay b= c.

1.4.4. Cong thic gbéc chia doéi
Dinh ly 1.13. Cong thic goc chia doi:
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be ’
A _
COS (5) — p(pbc a)’ B L C
t A - (p—b)p—c) o Hinh 1.9
an(—) = = :
2 p(p—a p—a

Chiing minh. Vé tia phan giac AL cua tam giac ABC. Ta c6

BL_AB_C(:) BL o o Bl — ac
CL AC b  BL+CL c¢+b E
Ap dung dinh 1y ham s6 cosin cho AABL, ta ¢6
AL? = AB*+ AL?> — 2AB.AL.cos B
2.2 2 2 2 2
9 a‘c ac® ¢ +b"—a c 9 9 5 .3
_ _ _ 2cb? + be2 — b b
‘ +(b+c)2 b+c  2bc (b+c)2(c e @ +b)
be 4be
. b 2 27 o
Grep b+ —a] =g pre—a)
2

2

=010 beplp—a) & = b+ o) b.c.p(p —a).

Mat khiac [ABC| = [ABL]+ [ACL] = %AB.AL. siné + %AC’.AL. simé

1 A A
= §la(b + ¢) sin 3= b.c.p(p — a) sin 3
Do dé sin X — _[ABC] (p=b)p—c)

2 Vb.cp(p—a) 1_4 be

Chiing minh cong thic cos —.

Ta co
A 14cosA 1 b2 + 2 — a? 1
o8 2 ST o) = el —al]
1 p(p—a)
_— —_— _2 —
4bc(b+c+a)(b+c—i—a a) ™

A _
& oS — = p(p a).
be
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A
Ching minh cong thiic tan (5) A

Goi O la duong tron noi tiép tam giac
ABC. Gia stt (I) tiép xtic véi BC,CA, AB ¢

lan luct tai Al, Bl, Cl. 0
Dfat ABl = ACl = JJ,BCl = BAl =Y, B N C
OAl = CBl = Z.
Hinh 1.10

Tacd 204+2y+2z=(x+y)+y+2)+(z+2a)
= (AC1 + BCY) + (BA1 + CAy) + (CBy + ABy)
= AB+ BC + CA = 2p.
Sr+y+z2=Dp.

May+z=BA+CAi=CA=a<2z=p—(y+2)=p—a.

A —_— _[
Trong AAC,I vuong tai Cq, ta c6 tan — = tan [AC| = C1 . )
2 ACT p—a
MQWZMBCL:%Mp—ww—ww—sz¢@—am%4mp—@.
p p p
Do do6 tané = (p - b)(p—c)'
2 p(p —a)

Cac cong thitc con lai duge suy ra tit cong thiic nay bang cach ap
dung cac hé thiic co ban.

Bai toan 1.5. Chitng minh riang trong AABC, ta c6
C A

tan 5 tan 5 + tan 5 tan 5 + tan 5 tan 5 = 1.

Loi gidi. Ap dung cong thite goc chia doi, ta 6

tané tanﬁ\/(pb)(pc) \/(pa)(pc) _p—c
2 2 : .

p(p — a) p(p —b) p
B C — C A —b
Tuong tu ta c6 tan —. tan — = P a; tan —. tan — = p—.
2 2 D 2 2 P
Do do t At B+t Bt C+t t =1
ooaua2.an2 an2.an2 an2.an2—.
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Bai toan 1.6. Chitng minh ring trong tam gidc ABC, ta c6
C

tAJr tB+ t — = cot t t
CcO 5 CcO 5 Cco 2—00 2.co 2.co 5

Loi gidi. Ap dung cong thite géc chia doi, ta duge

tA—|— tB—|— tC
co 5 co 5 co 5

B p(p —a) p(p —b) p(p —c)
%@—@@—@*V@—@@—@*¢@—@@—m

_ p . B By
_\/(P—a)(p—b)(p—c)[(p )+ =0+ (p—c
C

\/ p tA t B t
= = COUL —.cot —.cot —.
PN o=a)p—bp-o 2 N

1.5. Céng thiic vé dién tich cuia tam giac va ap dung

1.5.1. Céng thiic vé dién tich ctia tam giac

1 1 1
[ABC] = §aha = §bhb = §Chc, (118)
. I L.
= §bcsmA = 5ca sin B = §absm C, (1.19)
abc
- 1.2
e (1.20)
= 2R%sin A.sin B. sin C, (1.21)
= pr, (1.22)
=(p—ajra=p@—-brn=0@—-r, (1.23)
= Vplp —a)(p—b)(p — o). (1.24)

Ta di ching minh mot s6 cong thic dién tich tam gidc.
Chtng minh cong thic (1.19).

. 1
Ta da biét [ABC] = Jah,. \
Nhung h, = AC.sinACH =
b.sin ACH. Néu goc C clia tam c
H

Hinh 1.11
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gisc ABC nhon thi ACH = C va néu gée €'t thi ACH = 180° — O,
trong ca hai truong hop ta déu c6 sin ACH = sinC.

Bdi vay ta c6 [ABC] = %ab sin C. Truong hop dic biet néu C' = 90°
thi A, = b va sin C' = 1 nén ta van c¢6 cong thiic do.

1
Chiing minh tuong ty ta ¢6 [ABC] = §bc sin A = 5ca sin B.

T cong thic (1.19) thay sinC' = é ta
c6 ngay cong thic (1.20).

Chiing minh cong thitc (1.22).

Gia stt duong tron noi tiép c6 tam [
va tiép xtc ba canh clia tam giac tai
A’, B',C’ nhu hinh vé trén. Dién tich tam
gidc ABC bang tong dien tich ba tam giac
OBC,OCA,OAB, cac tam giac do c6 cac Hinh 1.12
dudng cao la OA' = 0B =0C" =r.

Béi vay [ABC| = %ar + %br + %cr = %(a +b+c)r = pr.

Chiing minh cong thic (1.24). Tu he thic da biét

sin?A + cos*A = 1. (1.25)
Stt dung dinh 1y ham s6 sin va ham s6 cosin, trong (1.25) thay
A4S b2 4 2 g2
sin A = e va cos A = % ta co

165% = 4b*c* — (b* + ¢ — a*)?
= (2bc + b* + & — a®)(2bc — b* — & + a?)
= [(b+¢)* = a’l[a® = (b~ ¢)*]
=0b+c+a)b+c—a)la+b—c)la—b+c)
_(b+tcHa) (b+c—a) (a+c—b) (a+b—c)

4 4 4 4

=p(p—a)p = b)(p— o).

= 5= /p(p—a)(p—b)(p - o).
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1.5.2. Ti sb dién tich hai tam giac
Bo6 dé 1.2. (B6 dé veé ti s6 dien tich hai tam gidc). Gia s¢ B' va C'
tuong ting la cac diém tuy y trén canh AB va AC ciia tam giac ABC.
Ky hiéu S = [ABC],S" = [A'B'C"]. Khi do g = w

' ’ S AB.AC

Ching minh. Ta co
S'" 3.AB.AC'sinA  AB.AC'

— = = ) 1.26
S %.AB.AC’. sin A AB.AC ( )
Pinh 1y 1.14. Néu hai doan thing ABN PQ = M, thi ta c6
ABP PM
[ ] — . (1.27)
[ABQ] QM

1.5.3. Bai toan
Bai toan 1.7. Chitng minh ring trong tam gidc ABC' c¢6 cac hé thiic
1 1 1 1

o=t =t === 1.28
@ st (1.25)
1 1 1 1
b) —+—+—=-. 1.29
(®) Te Ty Te T (1.29)
Loi giaa.
1 1
(a).TaCéS:p.rzaa.haih—azﬁ

1 1
Tuong tu ta c6 — = P — )
HE Ml b co hy 2pr’ h. 2pr
Ll 1 1 atbte
h, hy, h., 2p.r N

(b). Ta chiing minh

S={pm—-a)r,=pP-="0b)ry, = (p—c).re,
V6i 14, 1p, 7 12 ban kinh duong tron bang
tiép cac goc A, B, C. Ta co s — AC véi Hinh 1.13

T JE AFE
C'l =r;JE=r,;AC' =p—a;AE =p

R 1 _
:>£:p aé(p—a)ra:S:pr:—:p ‘
T'a p Ta pr
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1
Tuong ty ta c6 —

Vay —+—+— = + + = S
Ta Tb Tc pr pr pr pr pr

1 1 1 p—a p=b p—c 3p—(a+b+c) p 1
e

Bai toan 1.8. Cho tam giac ABC' c¢6 dién tich S. Trén cac canh
AB, BC,CA lan Iuot lay cac diém M, N, P sao cho

MA NB PC

MB NC PA

(a) Tinh dién tich cia tam gidc MNP theo

3 (1.30)

S va k. 2
(b) Véi gid tri nao cia k dién tich cia tam M
gidc MNP la nhé nhat? P
Lot giai. (a). Dat AB =¢,BC =a,CA=b. B c
Theo (1.30) ta c6 N
MA NB PC k Hinh 1.14

MA+MB NB+NC PA+PC k+1
_MA_NB_PC_ &

c a b k+1
kc ka kb
MA=-—, NB=—; PC=-——
- k417 k417 ¢ k+1
ke kb
S _AMAP _jar’Tird) |k
S AB.AC be (k4 1)2
I R S S - B
S (k+1¥ S (k+1)?2 S (k+1)%
3kS K2 4+2k+1-3k] Sk*—k+1)
— OMPN (k+1)2 (k+1)2 (k+1)2

K —k+1

b). bat y = ; k> 0. Khi do6
(b). Dat y 2ok 1 >0 ido

Ky +2ky +y=k —k+1
SkEy-D+kRy+1)+(y—-1)=0
Sy—1=0=>y=13k=0=k=0 (voli).
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(y—1) {kQ 2y+ ]
2y+1 2y+ (2y + 1) +4(y—1)2
2(y — 1) ;l(y—l) Ay —1)2 7 4(y—1)?
(:)(]H 2y+1> _ 2y —1) -4y —1)?

k% + 2k. =0

>0
2(y — 1) Ay —1)
= (2y+1)%—4(y+1)*>0
= 2u+1-2y+2)2u+1+2y—2)>0
1 , 31
$4y—120:>y21$mmy:11:>k:1.

Bai toan 1.9. Cho tam giac ABC c¢6 dién tich S. Trén cac canh
AB,BC,CA lan luot lay cac diem M, N, P tuy y. Ki hiéu Sy, Ss, Ss

tuong 1ng la dién tich cia cac tam giac APM,BMN,CNP. Chiing
. S3
minh rang 515555 < —.
64
Lot giaz.
bat — =m(0 <m < 1);

A
NB PC
T _k0<k<1)
ca ~MO<k<1) M

B +12+ +12+1 k+12+1 _111

- Ty Al I\ A 2 1 =111
519,85 1 S3
53 6—4:>515253<—4
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Bai toan 1.10. Qua diém O beén trong tam gidac ABC ké cac duong
thang song song véi cac canh cia tam giac. Gia sit Sy, S, S3 1a dién tich
ctia ba tam giac méi dugc tao thanh, con S la dién tich cua tam giac
ABC. Chiing minh ring S = (v/S1 + v/ +v/S5).
Lot gias.
Ta c6 AMBC ~ AOPC
A

:81+SQ+H12_(h1+h2)2

SQ N h2

2 z AA

Y CIRUR 1+~/i N

B hy) So AN
B

(VS1+vS)* (VS +V5)?

= Hinh 1.16

VS, S2
= S1+ S+ Hig =51 +2515 + Sy = His = 2+/519.

Tuong tu Has = 24/5553;  Ha = 24/5551.
= Sapc = 2¢/S15 + 2¢/9:S3 + 24/5351 + Si + So + S
= (V81 + /8 +/55)°
= Sapc = (V/S1 + V/Ss + 1/ S35)*(dpem).
Bai toan 1.11. K1 hiéu m,, my, m. tuong ing la cac duong trung tuyén

vdi cac canh BC = a,CA = b, AB = c. Chiing minh rang dién tich S
ctia tam gidgc ABC c6 thé dugc tinh theo cong thiic

S = g\/m(m —mg)(m —my)(m —me), m= %(ma + mp + me).

Loi gidi. Goi G la trong tam tam gidc ABC. Trén nita mat phang bo
BC khong chita diém A dyng hinh binh hanh BGCF. Ki hiéu S la dién
tich tam giac ABC.

bat m, = 3z, my, = 3y, m. = 3z. Ta ¢6 S = 3|BGC| = 3[GFC].

Ap dung cong thitc Heron cho tam giac GFC ta c6

Ta c6 S = 3[GFC| = 3\/(:1:+y+z)(x+y—z)(y+z—a:)2(z+:r:—y).

_ 1 3
Datm:ﬁ(ma‘i'mb%-mc):§($+Z/+Z)$$+y+z:§m.

Thay vao cong thtc trén ta ¢6 S = g\/m(m — mg)(m —my)(m — me).
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Bai toan 1.12. Cho P la diém nim trong tam giac ABC. Tia AP, BP,

CP lan Iuot cit ciac canh BC, CA, AB tuong iing tai D, E, F. Chiing
PD PE PF

minh rang AD BE T = 1.
Lot gias.
PD PE PF [PBC] [APC] [ABP] [ABC]

Ap " BE T CF ~ [aBC] T [aBC] T[aBC] ~ [ABC] -

Bai toan 1.13. Cho tif gidc 1oi ABCD. DA cat CB tai K, AB cat DC

KF K
tai L, AC cat KL tai G, DB cit KL tai F. Chiing minh rang 7 G—f

Loi gidi.
Ap dung cong thitc (1.27) nhiéu lan

ta ducc
KF [KBD] B [KBD] [KBL]

FL [LBD] |[KBL] [LBD] A

_ CD AK [ACD] [ACK]

~ CL'AD  [ACL] [ACD] B

_ [ACK] KG K FoL G
[ACL] LG Hinh 1.17

Bai toan 1.14. (IMO 1998 Hong

Kong Preliminary Selection Contest)

Trong tam giac ABC goi E, F, G lan lugt la cac diém trén cac canh AB,

AEF BF (CG 1 . N <
BC, CA sao cho 7B FC - GA - 3 Goi K, M, L lan Iuot la giao

diém ciia cac cap AF va CE, BG va AF, CE va BG. Biét dién tich tam
gidgc ABC bang 1. Tinh dién tich tam gidc KLM.

Loi gida.

bat [ABL] = S. Theo cong thic (1.27)
ta c6 [CAL] =3S va [BCL| = §
Luu y rang [ABL] + [BCL] 4+ [CAL] =

[ABC] = 1. Vivay ta c6 S—|—§+35 =1va

3
do do6 S = e Vay ta da ching minh dugc

Hinh 1.18
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3 3
[ABL] = I Tuong tu nhu trén ta cing ¢6 [BOCM]| = [CAK]| = —.

13
Do do
3 3 3 4

[KLM] = [ABC] ~ [ABL] - [BCM] ~ [CAK] = 1 - — — = - — = —.

1.6. Tam giac Pedal

1.6.1. Pedal bat ky

Dinh nghia 1.3. T diém P tuy y bén trong tam gidc ABC ha céc
duong vuong goc véi cac canh BC, C A va AB véi cac chan duong vuong
goc tuong tng la Ay, By, C1. Tam giac A; B1C: dugce goi la tam giac Pedal
(hodc tam gidc ban dap) ctia diém P dbi véi tam giac ABC.

Dinh ly 1.15. (Dinh Iy Euler) Dién tich tam gidc Pedal ctia diém P doi
voi tam giac ABC' dugc tinh theo cong thiic
R? — OP?

[A1B1Ch] = e

[ABC.

trong dé6 O va R tuong iing la tam va ban kinh ctia duong tron ngoai
tiép tam giac ABC.

Chitng minh. Kéo dai AP, BP, CP cat duong tron ngoai tiép tam giac
ABC tai cac diem As, By, Cy tuong tng.

Tacé C1 A P = C1BP (it gidc C1BA, P
noi tiép). P/BE = A/BE (do B,Cq, A
thang hang va B, P, B, thang hang).
A/BE = A@2 (ciing chan cung ABs).
Tu do suy ra m = 1@2. Tuong tu
BiAP = 44,0,

T do suy ra Cl/AE?l = 02/142\32. Ta sé
ky hiéu tuwong ing hai géc nay la A; va A,.
Ta co: Hinh 1.19

1
[AlBlCl] = 514131-14101- sin Al

1 .
= EPC'. sin C.PB.sin B.sin A;  (Dinh 1y ham s0 sin)
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1 P
= §PB.PBQ.P§;.SH] B.sin C.sin A;
1 2 2 BC . . . 7
= —|PO* - R } . .sin B.sin C. sin A; (phuong tichPBC ~ PCyBy)
2 Cy By
1 in A
=3 PO? — R2} .BC.sin C. sin B.S;;CQZ
1 POy . . AC sinAy 1
=—|1— AC.BC.sinC (d B=————=-R
A Fie sin (do sin R BO, 2 )
1 PO?
= —-[ABC]. |1 —
R? — OP?
= —— [ABC].

Dinh Iy Euler 1a mot két qua tha vi va sau sic trong tam giac.

T két qua cua dinh 1y Euler, ta thay néu P nam trén dudng tron
ngoai tiép tam gidc ABC, tic 1a néu OP = R thi dién tich tam giic
Pedal bang 0. Diéu d6 c6 nghia la tam giac A;B;C; suy bién thanh
dusng thang. Duong thing dé chinh 14 duong thing Simson chiing ta sé
dé cap dén trong chuong 5.

Hé qua 1.5. Khi P trung véi I 1a tam duong tron noi tiép tam giac thi
A1 B,C} la tam gidc noi tiép trong duong tron tam I ban kinh r, cé cac

B C

géc Ay, By, Oy tuong 1ing bang 90° — 3 90° — 5 90° — 5 nén ta cé
A B C
[A1B1Cy] = 2r’sinA;.sinBy.sinC; = cos 7" cOS X COSE =
r
ABC|.—.
[ABC].o

T do, thay vao dinh 1y Euler, ta dugc
r 1 10?
ABC|.— = ~[ABC]. (1 - —=
ABCL5 = qlascl (1- 70)
= 2Rr = R* — 10? = 10*> = R*> — 2Rr.

1.6.2. Pedal truc tam

Dinh nghia 1.4. Pedal tryc tam l& tam gidc Pedal ctia tric tam doi
véi tam giac ABC.
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Cac tinh chat ctia Pedal truc tam A

dugce cho béi dinh 1y sau day.

Dinh ly 1.16. Cho ABC la tam giac c b
nhon véi chiéu dai cac canh Ia a, b, c.
Céac duong cao AA',BB',CC’, dién
tich S. Ban kinh duong tron ngoai tiép
1a R, ban kinh duong tron noi tiép lar. Hinh 1.20
Xét tam giac A'B'C" vdi cac dai luong

tuong 1tng néu trén nhu doi véi tam gidgc ABC. Khi do:

(1). a'=acosA, V =bcosB,  =ccosC, (1.31)
(2). S"=28.cos A.cos B.cosC, (1.32)
R
(3). R = DX (1.33)
, r.cos Acos BcosC
(4). ?"—2. 1T B O (1.34)
sin - sin 7 sin -
A . B 2
(5). p' =4p.sin 5 sin§ sin ¢z (1.35)

Ching minh.
(1). Goi H la truc tam cua tam giac ABC), ta ¢

Y HA

a HB
= =sin(C] = A =
sin C] = cos A; = Ho

7S =sin(Cy = cos B.

/

c
Tuong tu ta lai c6 — = cos C.
c

Cong theo ting vé cac dang thic trén ta c6 diéu phai chiing minh.
a v
Hé qua — + 7 + — =cos A+ cos B+ cosC.
a c

(2). Theo hinh vé ta c6
/ L, . 5= L, . T
S = §ab sin AB'C'" = §ab sin2HC" A’

1 ~ 1 ~
= §a’b' sin2(90° — C' = §a’b’ sin (180° — (')
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1 : ~
= 5(& cos A)(bcos B) sin (2C')

1
= <§absin C’) (2cos Acos BcosC) = 2S. cos Acos B cosC.

at'd abc
. 9 , ~ h/ I _ 7=
(3). St dung cac cong thiic S R S iR’ ta c6
S dbd R R
ST e R cos A cos B cos C'ﬁ' (1.36)
Theo chiing minh trén ta lai c6
S/
5 = 2 cos A cos B cos C. (1.37)
T (1.36) va (1.37) suy ra
AcosB CR—Q Acos BcosC = .
cosAcos BeosC.—; = 2 cos Acos B cos 7= 5
(4). Tacor = 4Rsin§sin§sin§
A/ B/ !/
r" = 4R’ sin — sin — sin ¢
2 2 2
B/ / A/ / A/ B/
= 4R'sin <900 — _; ¢ >.sin (900 — ;L ¢ ).sin (900 — ;L )

= 4R sin (90° — A) sin (90° — B) sin (90° — O).
= 4R cos Acos BcosC.

Tt d6 suy ra diéu phai chiing minh

(5). Goi O 1a tam vong tron ngoai tiép tam giac ABC. Dé chitng minh
rang OA vuong goc véi B'C’, OB vuong goc véi A'C', OC vuong goc
véi A’B’. Do d6

[ABC] = [OB'AC"| + [OC'BA'] + [OA'CB'|
= %OA.B’C’ + %OB.A’C’ + %OC.A’B’ = %R.(Qp/) — Ry

pr T A B . C
= — =P.— = .S1In —. S111 —. S1n —.
R PR T PGS

Vay ta c6 cong thic p' = 5

| »n
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1.6.3. Pedal tam noi tiép
Dinh nghia 1.5. Pedal tam nai tiép 1a tam giac Pedal clia tam vong

tron noi tiép tam giac ABC.

Bai toan 1.15. Tam giac ABC véi do dai cac canh la a,b,c va dién
tich S, duong tron noi tiép tiép xtc vdi cdc canh ¢ A', B',C" (dbi dién
vdi cac dinh A, B, C). Tam giac A'B'C" ¢6 do dai cac canh la o', b, ¢ va
dién tich S. Chiing minh cac ding thiic sau.

a v . C (. A B
(1). — + 7= 281115. (SIHE +81n§)
A B C

(2). S"=2S.sin E.sin 5.81115

Loi gidi.
(1). Goi O la tam dudng tron noi tiép
A «

T
AABC' t ———=—=A
Casuyra2 5= 75

. B+C ( A) Y
= sin 5 = sin 77—5 =sin A'.

Heé thic lugng trong AA'B'C’ cho

Hinh 1.21

A
a =2rsinA' =2(p—a) tanasinAl

A . B A
=(b+c—a). tan— sin +C (b+c—a)sm§

a’ b+c—a <smB+smC—smA> A
= sm—:

— = .sin —
a a sin A 2
5 B+C B-C 5 A
B sin 5 . COS 5 sm 5 . COS 5
B A
2) -
CcOS 5
A B-C B+C
2cos — | cos — COS
2 2 . B . C
= = 2sin —. sin —.
2 cos — 2 2
2
Chtmng minh tuong tu ta dugc
b’_Q,A,C’:>a’+b’_2,C ,A+,B
= 81n2.31n2 - ;= s1n2. sin sm2
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(2). Ta co
1 A+ B
g/ éa’b’.sinC’ Y sin +
S §ab. sin O a b sin C
COSC
B C A C B}
= (2sin—.sin— | .| 2sin —.sin— | . 2
2 2 2 2 ZSing cosg
2 2
5 g A . B . C
= 2.8in —. sin —. sin —.
2 2 2

Bai toan 1.16. Cho duong tron tam (O; R) va diém M c¢6 dinh. Trén
(O) lay cac diem A, B,C sao cho tam gidac ABC déu va dit AM =
x, BM = y,CM = z. Chitng minh rang tam giac ma do dai cac canh Ia
a,b,c co dien tich khong doi khi A, B, C' thay doi.

Loi gids.

Goi (T) la tam giac c¢6 do dai
cac canh 1a a,b,c. Dyng D, E, F lan
lugt 1& hinh chiéu cia M trén cac
canh AB, BC,C' A ctia tam giac ABC.
Theo dinh 1y sin ta dé rang c6 dudc:
DE DF EF
MB ~ A mc oY

DE DF EF /3

b a ¢ 2
Suy ra: ADEF dong dang véi (T')

theo ti s6 dong dang 1a 5

= [D[g]ﬂ - (?) = 2= 1] = ;[DEF]

Do DEF la tam giac Pedal duyng tit diem M clia tam gidc ABC nén
R? — OM?
theo dinh ly Euler, ta c6 dugc: [DEF] = | Ve ‘.[ABC].

Ma duong tron (O; R) va diém M ¢6 dinh, AABC déu nén [ABC] ¢b
dinh = [DEF] = const.
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Bai toan 1.17. Cho tit gidc 1oi ABC'D noi tiép trong duong tron tam
O véi O ndm beén trong tit gidc. Goi M N PQ Ia tif gidc ma cac dinh lan
Lot Ia hinh chiéu ctia giao diém 2 dudng chéo ciia tit gisdc ABC'D dén
cdc canh AB, BC,CD, DA. Chitng minh rang:

v pQ) < AP

Lot giaa.

Goi K la giao diém ctia hai duong chéo
AC va BD cua ti giac ABCD.

Dé thay KM N 1a ta, giac Pedal dyng
tit diem K cia tam gidc ABC, do d6 ap
dung dinh ly Euler ta dugc:

[KMN] |R*-OK? R?-OK?
[ABC] ~  4R* AR?
K & trong t giac).

N

(vi

R? — OK?2 Hinh 1.23
( = ).[ABC]. "

Lam tuong tu cho cac tam gisac KNP, KPQ, KQM va cong cac két

qua lai:

= [KMN] =

[KMN]+[KNP]+ [KPQ] + [KQM]

2 2
_ %. (JABC] + [BCD] + [DCA] + [DAB])
R? — OK? R?> -0 1

Diang thic xay ra & OK? =02 0K =0 K = 0.
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Chuong 2
T giac

Trong tai lieu nay chi xét cac ti gidc 10, tic 1a td gidc ludon ndm trong
mot nita mat phang c¢é bo 1a duong thing chita bat ky canh nao cia ti

giac do.
2.1. Ky hiéu va hé thiic co ban

Ta ky hieu ABCD la ti giac 161 véi cac dinh 1a A, B,C, D dugc vé
theo mot chiéu nhat dinh ndo dé (cung chiéu kim dong ho hay ngugc
chiéu kim dong ho). Dé don gidn, do 16n clia géc tuong ting véi cac dinh
A, B,C, D cung dugc ki hiéu tuong ting la A, B, C, D.

Do dai cac canh cua ti giac: AB =a,BC =b,CD =c¢,DA =d.
a+b+c+d

2
Do dai cac duong chéo AC' =m, BD = n.

Dién tich cia t giac: S = Sapep = [ABCD].
He thic vé goc: A+ B+ C+ D = 360°(27).
Heé thiic vé canh:

Ntta chu vi ctua t giac: p =

a<b+c+d, b<c+d+a, c<d+a+b d<a+b+ec

Heé thiic gitta cac canh va dudng chéo: Trong mot ti giac, tong cac do
dai hai canh déi dién nho hon tong hai dusng chéo.

at+c<m+n, b+d<m-+n.

Dinh nghia 2.1. T giac c6 hai canh song song dugc goi 1a hinh thang.
Hai canh song song dudc goi la hai canh day, hai canh con lai duge goi
14 hai canh bén. Doan thing néi trung diém ctia hai canh bén dugc goi
la duong trung binh ctia hinh thang. Hinh thang dugc goi la hinh thang
can, néu cac goc ké canh day bang nhau.

Meénh dé 2.1. Do dai dudng trung binh ciia hinh thang bing mot nita

. AB + DC
tong do dai hai canh day M N = %
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Dinh nghia 2.2. Tt giac c6 ciac canh doi song song dudc goi 1a hinh
binh hanh.

Meénh dé 2.2. Déi véi tit gidc 16i ABC'D céc phat biéu sau day la tuong
duong.

(a) ABCD la hinh binh hanh.

(b) AB = DC va AD = BC.

(c) AB//DC va AB = DC.

(d) A=C vaB=D.

(e) Cac duong chéo AC va BD cit nhau tai trung diém méi duong.

Dinh nghia 2.3. T gidc c6 bon goc vuong 1a hinh chit nhat, c6 bon
canh bang nhau la hinh thoi, c6 bén canh bang nhau va c6 bon goc
vuong la hinh vuong.

Meénh dé 2.3. Déi véi hinh binh hanh ABCD, cac phat biéu sau day
la tuong duong.

(a) ABCD la hinh chit nhat.

(b) A =90°.

(c) AC = BD.

Meénh dé 2.4. Déi véi hinh binh hanh ABCD, céc phat biéu sau day
la tuong duong.

(a) ABCD la hinh thoi.

(b) AB = BC.

(c) ACLBD.

(d) AC la phan giac ctia A

Dinh nghia 2.4. Tt giadc 16i duge goi 1a noi tiép, néu bén dinh ciia nd
d trén cuing mot duong tron, dude goi 1a ngoai tiép, néu boén canh ciia
no6 cing tiép xtc véi mot duong tron.
Meénh dé 2.5. Cho tit giac 16i ABC'D. Céc phat biéu sau day Ia tuong
duong.

(a) ABCD la tit gidc noi tiép.

(b) BAC = BDC.

(c) A+ C =180°.
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Ching minh.
(a) = (b). V1 tt gidc ABC'D noi tiép

—_——

nén suy ra BAC = BDC cung chin cung A S
BC.
(b) = (¢). Tac6 AAPB ~ ADPC (gobc 0

déi dinh P va PAB = PDC).
Tuong tu ta ¢c6 AAPD ~ ABPC (goc

déi dinh P va PAD = PBC). ’ )
Vay BAC = BDC, ABD = ACD, Hinh 2.1
CAD = CBD va ADB = ACB.
Mit khac:
2+5:@+@+@+@=%(2+§+@+ﬁ):1800.

(¢) = (a). Hién nhién.

Bai toan 2.1. Trong hinh vé, E va F tuong ing Ia trung diém cuia
AB va BC. Gid sit DE va DF cat AC tai M va N tuong 1ing, sao cho
AM = MN = NC. Chitng minh rang ABCD Ia hinh binh hanh.

Loi gidi.

N6i BM, BN. Goi O la giao diém cua
hai duong chéo AC va BD, gia thiét cho
AFE = EB,AM = M N vay ta c6 EM song
song BN. Tuong tu BM song song F'N.
Do d6, BM DN la hinh binh hanh, tu do
suy ra OB = 0D va OM = ON.

Mat khac tit AM = NC nén tacé OA = Hinh 2.2
OC. Vay tu giac ABC'D c6 hai duong chéo
cat nhau tai trung diém mdi duong suy ra né la hinh binh hanh.

Bai toan 2.2. Chitng minh rang trong mot tit giac 16i cac doan thang
sau day cat nhau tai trung diém ctia méi duong: Hai doan thang noi
trung diém ctia cac canh doi dién, doan thing ndi trung diém ctia cac
duong chéo.

Loi gidi. Xét ti@ gidc ABCD. Vi E, F,G, H lan lugt 1a trung diém céc
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canh clia ti gidc nén suy ra t giacs FFGH 13 hinh binh hanh vi thé
EG va FH cit nhau tai trung diém méi duong.

Mat khac ta lai ¢c6 XG//Y E (cung
song song v6i AD), EX//GY (cung
song song v6i BC') nén ti giac EXGY
14 hinh binh hanh. Vay EX,GY cat
nhau tai trung diém méi dudng.

Két luan. FG,FH, XY cat nhau

tai trung diem méi duong.

2.2. Dinh ly Ptolemy va cac maé rong

2.2.1. Dinh ly Ptolemy

Ptolemy 13 mot trong nhiing dinh 1i dep ctia hinh hoc so cap, c6 rat
nhiéu tng dung trong viéc giai cac bai toan hinh hoc.
Dinh ly 2.1. Tt gidc 16i ABCD noi tiép mot duong tron khi va chi khi
tong ctia tich cac cap canh déi dién bing tich hai duong chéo, nghia la

AB.CD + AD.BC = AC.BD. (2.1)

Ching minh.

Lay M thuoc duong chéo AC sao cho
ABD = MBC. Khi dé xét AABD va AM BC
6 ABD = MBC, ADB = MCB. Nen

AABD ~ AMBC (g.g). P
Do dé ta c6 B c
gg ]‘gg AD.BC = BD.MC.  (2.2)
Lai c6 % = % va ABM = DBC nén it 24
AABM ~ ADBC = 1144—]\3 = g—g = AB.CD = AM.BD. (2.3)

Tu (2.2) va (2.3) suy ra:
AD.BC+ AB.CD = BD.MC + AM.BD = AC.BD.
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= AD.BC + AB.CD = AC.BD (dpcm).

Cong thic tinh sin (o + ).

V6i a, B 1a cac goc nhon, dung duong tron duong kinh AC' va chon cac
diém B va D nam trén hai nita dudng tron, sao cho BAC = a, DAC = s.
Ap dung dinh 1§ Ptolemy ta c¢6 AB.CD + AD.BC=AC.BD.

Mt khac, 4p dung dinh nghia ctia ham s luong giac, ta cé
AB = AC.cosa; BC = AC.sina;CD = AC.sin 8; DA = AC'. cos 5.

Cubi cung ap dung dinh 1y ham s6 sin cho tam gidc ABD, ta dudc
BD = AC.sin (a + B).

Thay vao (2.1), ta dudc sin (o + ) = sin . cos § + sin . cos a.

Truong hop dac biét - Dinh ly Pythagoras.

Xét hinh chit nhat ABCD, r6 rang day la mot ti giac noi tiép. Vi
thé ta c6 AB.CD + AD.BC = AC.BD.

Do AB =CD,AD = BC,AC = BD nén tu day ta suy ra

AB? + BC* = AC*.
2.2.2. BAat dang thiic Ptolemy
Pinh 1y 2.2. Vdi 4 diéem A, B, C, D bat ky trén mat phing, ta cé
AB.CD + AD.BC > AC.BD. (2.4)

Ching minh.
Duyng diém E sao cho tam giac BCD

dong dang vé6i tam giac BEA. R
Khi d6 theo tinh chat ciia tam gidc dong A
o o BA_BD
ang, ta oy = Gp
= BA.CD = MA.BD.  (25) M
B C
BA BM s
Mit kha —~ -~ va MBC = ABD. Hinh 2.5
at khac, do 5D~ BC va MBC =
E AD
— AMBC ~ AABD = Bg =5 € AD.BC = EC.BD.  (2.)
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Cong theo vé (2.5) va (2.6) ta suy ra
AD.CD+ AD.BC = BD.(EA+ EC).
Ap dung bat dang thic tam giac, ta suy ra
AD.CD+ AD.BC > AC.BD.

Dau bang xay ra khi va chi khi A, F, C' thang hang, tic 1a khi A va
D cung nhin BC dué6i mot géc bang nhau, va khi d6 ti giac ABC D noi
tiép.
2.2.3. Dinh ly Bretschneider
Dinh ly 2.3. Cho tit giac ABC'D c¢6 do dai cac canh AB, BC,CD, DA

clia tif giac lan luot 1a a, b, ¢, d va do dai cac duong chéo AC, BD la m,n.
Khi dé ta co

m*n? = a*c* + b*d® — 2abed. cos (A + C). (2.7)

Ching minh.

Trén canh AB ra phia ngoai dung
tam giac ABN dong dang v6i tam giac
CAD, va dung ra phia ngoai canh AD A
tam gidc ADM dong dang véi tam M B
giac CAB.

Khi d6 d& thay AN = 25,

m C
bd ad D

AM = —;NB = DM = — va
m m Hinh 2.6

BDMN la hinh binh hanh.
Dong thoi ta ¢6 NAM = A+ C. Ap dung dinh 1y ham s cos cho
tam gidc NAM ta co

n* = (%)2 - (%)2 —2. (%) : (%) cos (A+O)

& m®n? = a’c® + b*d® — 2abcd. cos (A + C).
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2.2.4. Dinh ly Casey
Dinh 1y 2.4. Cho tit giac ABCD noi tiép duong tron (O). Bén duong
tron «, 3,7, 4 tiép xtic vdi (O) tai A, B,C, D. Goi t,s la do dai doan tiép
tuyén chung ngoai, néu o va 3 cung tiép xiic ngoai hodc cung tiép xiic
trong véi (O) va t.g la do dai tiép tuyén chung trong trong truong hop
nguoc lai. Cac dai Iuong tg.,ts,...dugc dinh nghia tuong tu. Khi do ta
co

tary b5 = tap.tys + Loy tsa. (2.8)
Ching mainh.

Ta chting minh truong hop
a,B3,7,0 cung tiép xtc ngodi véi
(O). Céc truong hgp con lai ching
minh tuong tu. Lan luot dat tam cac
duong tron trén la Ay, By, Cy, Dy va
ban kinh lan luot 1a z,y, 2, t.

bat AB = a, BC = b, CD = c,
DA=d, AC=m, BD =n

Ap dung dinh 1y Pythagoras:

(taﬂ)z = AlB% - (x - y)2

Hinh 2.7

Mt khac theo dinh 1y ham s6 cos ta lai co:
AB:=(R+2)?2+ (R+y)?—2R+2)(R+y).cos(4,0B5)

= (R+2)°+(R+y)*—2(R+z)(R+vy). (1—2&—1;)

042

= (Rt )" = 2R+ 2)(R+y) + (R+y)° + (R+2)(R+y). 55

= (@ =y’ + R+ 2)(R+1y).

= tag = E.\/(RJF z)(R+y).
Dinh nghia tuong tu véi tg., tys.
Ta c6 tag.tys + tsy-tas = tay-tgs < a.c+b.d = m.n (dinh 1y Ptolemy).
Ngucgc lai ta thay dinh 1y Ptolemy 1a mot truong hop dac biét cta
dinh 1y Casey khi x =y =2 =1t =0.
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2.2.5. Dinh ly Carnot
Dinh 1y 2.5. Cho tam gidc nhon ABC néi tiép trong duong tron (O, R)
va ngoai tiép duong tron (I,7) Goi z,y, z lan Iugt 1a khodng cach tir O
tdi cac canh tam gidc. Chitng minh rang x +y + 2 = R+ r.
Ching minh.

Goi M,N,P lan lust la trung diém cia

BC CA,AB. Gia st x = OM,y = ON,z =
OP,BC =a,CA=b,AB = c. N
TG gidc OMBP noi tiép, theo ding thic ‘(
Ptolemy ta ¢c6 OB.PM = OP.MB + OM.PB. B M C
Do do \_/
b a c
R§ = 25 + 375 (29) Hinh 2.8
Tuong tu ta cing ¢6 R.— = g+x9' RZ = E+zé (2.10)
g g .2—y.2 5% .2—y.2 o .
Mat khac
a b c
A=+=+=)=[AB
r <2 tot 2> [ABC]
a b c

Tir (2.9), (2.10) va (2.11) ta c6

b b
(R+7). <¥> :(x+y+z).(%+c> S Rir=zty+z

2.2.6. Bai toan
Ching minh quan hé gitta cac dai luong

Bai toan 2.3. (Dé thi chon doi tuyén Hong Kong tham du IMO 2000,
HongKong TST 2000) Tam giac ABC vuéng c¢6 BC > CA > AB. Goi
D la mot diém trén canh BC, E Ia mot diém trén canh AB kéo dai vé
phia diém A sao cho BD = BE = CA. Goi P la mot diém trén canh
AC sao cho E, B, D, P nam trén mot duong tron. Q Ia giao diém thi
hai ctia BP véi duong tron ngoai tiép tam gisc ABC. Chitng minh rang:
AQ + CQ = BP.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



43

Chitng minh. Xét cac ti gidc noi tiep ABCQ va BEPD ta co CAQ =
@ — DEF (cting chan cac cung tron).

Mit khac AQC = 108° — ABC = EPD

Xét tam giac AQC va tam giac EPD ¢6
DEP = DBP (do AC = BD).

Ap dung dinh 1 Ptoleme cho ti giac noi
tiép BEPD ta c6 EP.BD + BE.PD =
ED.BP.

Suy ra AQ.ED + QC.ED = ED.BP

= AQ + QC = BP (dpcm).

Chatng minh cdc dang thitc hinh hoc Hinh 2.9

Bai toan 2.4. Cho tam giac ABC voi BE,CF la cac duong phan giac
trong. Cac tia EF, FE cat duong tron ngoai tiép tam gidc theo thit tir
tai M va N. Chiing minh rang:
1 N 1 n 1 n 1 N 1
BM CN AM AN BN CM’

(2.12)

L&i gidi.
Dit BC = a,CA = b, AB = c.

Ap dung dinh 1i Ptolemy cho hai ti N
giac noi tiép AM BC va ANCB ta c6: M
N
a.AM +b.BM =c.CM, (2.13)
a.AN + c.CN = b.BN. (2.14) Bvc

Tit (2.13) va (2.14) ta duge Hinh 2.10
a.(AM + AN) =b.(BN — BM) + ¢.(CM — CN). (2.15)
AM MF
Mat khéc ta lai c6 AANF ~ ANBF(g.9) = BN — BF (2.16)
AN AF
Tuong tw AANF ~ AMBF(g.9) = B = ME (2.17)
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Tu (2.16), (2.17) va tinh chat dudng phan giac ta c6
AM.AN AF b
= =S 2.1
BM.BN BF a (2.18)
AM.AN AE ¢

Chiing minh tuong tu ta dudc CMCN —CE— o (2.19)

Tu (2.15), (2.18), (2.19) ta c6 diéu phai chiing minh.

Bai toan 2.5. Cho P la diém tuy v trén cung nhé CD ciia dudng tron
ngoai tiép hinh vuong ABC'D. Chiing minh rang

PA(PA + PC) = PB(PB + PD). (2.20)

Lot gias.

Trong hinh vé trén ta dat AB = a. Ap
dung dinh ly Ptolemy cho cac tit giac noi
tiép PDAB va PABC ta c6

PD.AB+ PB.DA = PA.DB;

PA.BC + PC.AB = PB.AC.

Mit khac a.(PD + PB) = v/2a.PA va
a.(PA+ PC) = \/2a.PB. N Y/

Chia 2 vé tuong tng trong cong thic

trén cho a ta co Hinh 2.11
PD + PB =+/2PA va PA+ PC = +/2PB.

Vay PA(PA + PC) = V2PA.PB = PB(PB + PD), (2.20) dugc
chiing minh.

Ching minh cac dac tinh hinh hoc

Bai toan 2.6. Cho tam gidc ABC néi tiép
trong duong tron (O) va AC = 2AB. Cac
duong thang tiép xtic véi duong tron (O) tai
A, C cat nhau 6 P. Chitng minh rang BP di
qua diém chinh giita ctia cung BAC.

Hinh 2.12

Loi gidi.
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Goi giao diem ctia BP véi duong tron 1a N.
N6i AC, NC'. Xét tam giac NPC va tam giac CPB ¢6 PCN = PBC, P

chung, nén

pPC NC
Tuong tu ta cling co
AP AN

APAN ~ APBA(g.9) = (2.22)

BP ~ AB’
Mat khdac PA = PC (do la 2 tiép tuyén cua dudng tron cat nhau).
Nén tir (2.21) va (2.22) ta suy ra
PA NC AN

55 = Bo = ag = NC-AB=BC.AN. (2.23)

Ap dung dinh li Ptolemy cho tit gidc noi tiép ABCN ta c6
AN.BC + AB.NC = AC.BN.

T (2.23) = 2AB.NC = AC.BN =2AB.BN = NC = BN.

Vay ta c6 diéu phai ching minh.
Bai toan 2.7. Cho tam gidc ABC c¢6 I 1a tam duong tron noi tiép, O
la tam duong tron ngoai tiép va trong tam G. Gid sit rang OIA = 90°.
Chitng minh rang IG song song véi BC.
Lot giaa.

Kéo dai AI cat (O) tai N. Khi d6 N 1a diém
chinh gitta cung BC' (khong chia A). Ta c6

BN = NC. (2.24) N\

Lai 6 IBN = BIN = BN =IN.  (2.25) s¥1——

Do OILAE = IA=1IN = %sdBC. (2.26) N&
T (2.24),(2.25), (2.26)

= BN =NC =IN = IA. (2.27)

Hinh 2.13
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Ap dung dinh li Ptolemy cho ti gidc noi tiép ABNC ta ¢6

BN.AC'+ AB.NC = BC.AN.

(2.27) = BN.(AC + AB) = 2BN.BC = AC + AB = 2BC.  (2.28)

Ap dung tinh chét duong phan giac trong tam gidc va (2.28) ta c6

AB_IA_AC_AB+AC_AB+AC’_QBC_2:]A_2
BD ID CD BD+DC  BC _BACG_ ID 7
Mat khac G la trong tam ctia tam giac suy raG—M:Z.

_TA . AG_ IA_ _AG
TUE—ZVE%G—M_2:>E—2—G—M

Suy ra IG la dudng trung binh cta tam giac ADM hay IG//BC
2.3. T giac dac biét
2.3.1. T giac noi tiép dudng tron
Dinh nghia 2.5. T gidc noi tiép duong tron la tit gidc c6 4 dinh cling
nam trén mot duong tron. Dudng tron dé duge goi 1a dudng tron ngoai
tiép t giac.

Tinh chat.

Tinh chat 1. Tt giac noi tiép co tong hai géc dbéi bang 180°.

Tinh chat 2. T giac ABCD c6 AC cat BD tai I va IA.IC = IB.ID
thi noi tiép.

Tinh chat 3. T giac ABCD c6 AB cat CD tai I va [A.IB = IC.ID
thi noi tiép.

Tinh chat 4. Tt gidc c6 hai dinh ké cling nhin xudng mot canh con
lai du6i mot géc bang nhau thi nai tiép.

Tinh chat 5. T gidc c6 bon dinh cach déu mot diem cho trude thi
noi tiép.

Tinh chat 6. Géc ngoai tai mot dinh ctia mot ti giac bang goc trong
déi dién v6i dinh dé cua ti giac ay thi noi tiép.
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Bai toan 2.8. Cho tam giac ABC ¢6 A =700, Duong phan giac cta goc
BAC cit dutong tron ngoai tiép tam giac tai I. Vé hai day cung IE, IF
lan luot cat canh BC tai M, N.

(a) Tinh BIC.

(b) Ching minh rang ti giac MNFE noi tiép.
Lot giaa.

(a) Tt gidc ABIC noi tiép duge nen BAC +

BIC = 180° suy ra BIC = 180° — BAC. Véi /ZA\
BAC = 70° suy ra BIC = 110°. . ;

(b) Theo tinh chat goc noi tiép, goc co6 dinh .
trong dmjng tron ta co:

EFN EMB (chan nhing cung b bang nhau) ch

MaEMB+EMN—1800:>EFN-I—EMN— I
180°. Vay tt gidc M N FE noi tiép.

Hinh 2.14

Bai toan 2.9. Ti sb giita nhitng duong chéo ciia mot tit gidc noi tiép

duong tron bing ti sé6 tong nhiing tich cac canh c6 chung diém cudi véi
.m ad+ be

duong chéo tuong iing, nghia la — = :
n ab+cd

Lot gias.
Tréen duong ngoai tiép ti giac ABCD cho
E, F thod man tinh chat

CDB=ADE, BDA=TFCD. (229)

Khi d6 ta c6 AE =b; FD = a,

EC =a,BF =d.

Ap dung dinh 1y Ptolemy cho tit giac AEC'D
va tit giac BCDF' ta nhan dugc

Hinh 2.15

m.ED =ad+be, n.CF =cd+ ab. (2.30)

Tit (2.29) ta 6 CDE = CDB + BDE = ADE + BDE = ADB =
FOD. tit dé ta tim ditge FCD = FDE+EDC = FCE+FCD = ECD,
nghia la FC = ED. Vi thé tit (2.30) ta tim dugc ding thiic can ching

minh.
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Bai toan 2.10. Cho duong tron c¢6 ban kinh R = 1. Trén tiép tuyén
tai mot diem A ctia duong tron, lay diém T véi AT = 1. Duong thing
d quay quanh T cat duong tron tai B va C. Xac dinh géc nhon o gitta
duong thing d va tiép tuyén AT sao cho tam gidgc ABC' ¢6 dién tich 16n
nhat.

Loi gidi.
Taco TA = R =1v6iTAlatiép tuyén.
Suy ra dudng thang d qua T va cat dudng T 1 A
trong tai B, C. Khi géc a gitta d va T'A la
nhon. AABC ¢6 B=a+ C, B
A=r—(B+C)=7m— (a+20C). b
Theo dinh 1y ham s6 sin thi
a=2Rsin A = 2sin (a + 2C),
c=2RsinC = 2sinC. ¢
Hinh 2.16
Ngoai ra AATB cho
.C _ AI\éQR.SlnC: | 1 (dOA/B\T—}—B:ﬂ)
sina gin ABT sin a sin (o + C)

=sina = 2R.sinC.sin (a + C) = 2sin C. sin (a + C') = cos a — cos (a + 2C')

= cos (a + 2C') = cos o — sin a.

Dién tich AABC la:
S =[ATC]| - [ATB] = %TA.TC. sina — %TA.TB. sin av
= %(TC’ —TB)TA.sina = %(BC). sina(doTA =1)
= %.2. sin (o 4+ 2C"). sin a.
= 5% = sin® (a + 2C). sin®*
= sin” a.[1 — (cosa — sin a)?] = 25sin’ a. cos a.

= 9% = 6sin’ . cos?

4
= — sin?
3

o = 4sin® a(1 — sin® a)

2

a. sin® a. sin® a.(3 — 3sin? ).
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. 9 .9 .92 . i 2 4
:>S4§% sin® o + sin” a + sin” o + 3 — 3sin” «
3 4
27
= Sgt<
64
N 427 s a2 22
Vay max S = adatduockhlsm a=3—3sin” «
:>sina—£:>a—z
2 3

Bai toan 2.11. ABCD Ia tit gidc noi tiép voi cac canh AB = a, BC =
b, CD = ¢, DA = d. Chiing minh rang

\/(p—a)(p—d) g o _atbtetd

Vol p 5

tan — =
"9

(2.31)

Lot gias.
Tt gidc ABCD nai tiép suy ra A+ C = 180° suy ra cos C' = — cos A.
Tam giac ABD cho ta BD? = a? + d*> — 2ad cos A. Tam gidc BCD
cho ta BD? = b? + ¢ — 2bccos C

= a’>+d?>—2adcos A = b*> + * — 2bccos C
a2+ d? —bv* — 2

A:
o8 2(ad + bc)
2 1212 _ 2 2 (o — )2
:>1—COSA:1—a+d lls :(b—i—c) (a—d)
2(ad + be) 2(ad + be)
A — — 2(p — —
jQSiHQ_:(bJchrd a)(b+c+a d): (p—a)(p—d)
2 2(ad + bc) ad + be
A (p—a)(p—d)
2—:
sy ad +bc

Tuong tu ta co

A +d—b*—c 2(p—0b)(p—d)

1 A=1 —
s A= I T A+ bo) ad + be
., A
A 2p-bp-o A My (p—a)(p—d)
= cos? = = Do dé tan? = = 2 _ )
2 ad + be 2 oed -b-o
9
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. A A
an<A<wéO<§«oﬁ:Mm—>O

2 2
A [(p—a)(p—d

2.3.2. T giac ngoai tiép dudng tron
Dinh nghia 2.6. Tt gidac ABC'D ngoai tiép mot dudng tron (O) la ti
giac c6 tat ca cac canh tiép xtc ngoai véi duong tron.

Tinh chét 1. a+c=0b+d.

Chitng minh. Cho ti gidc ABCD thod méan diéu kien a +¢c = b+ d
v6i ky hieu DA = a, AB = b, BC = ¢,CD = d. Néu hai cip canh doi
dién ciia tit gidc déu song song thi n6 1a mot hinh binh hanh. Tu diéu
kién a + ¢ = b+ d suy ra no6 lai 1a mot hinh thoi, vay né noi tiép trong
dudng tron.

Ta xét truong hop it nhat mot
cip canh clia ti gidc cit nhau.
Gia st do 1a hai canh AD va BC
kéo dai cat nhau tai diem P. Ky
hieu M, N va @ la nhing diém
tiép xtc ctia dudng tron (O) noi Hinh 2.17
tiép tam giac ABP tuong ting véi
cac canh AD, BC va AB. Cho vi tri nhiing diém C va D c6 nhitng kha
nang sau day:

(a) C' va D nam tuong tng trén doan thang BN va AM.

(b) It nhat mot trong nhimg diém C vd D n&m beén ngoai déi véi
doan thang BN, AM.

Truong hop (a) khong thé xay ra vi tit

b=AQ+ QB = AM + BN = (a + DM) + (c + CN)
—(a+¢)+ (DM +CN) =b+d+ DM+ CN.

ta nhan dugc su vo 1y vi déng thic d + DM + CN = 0.
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Truong hop (b) cho diém C beén trong doan PN, khi d6 tit diém C' ta
c6 thé ké tiép tuyén CK v6i duong tron (Hinh b). V6i diém D c6 nhiing
kha nang sau day:

(b1) D la diém trong ctia doan AK.

(by) D la diém trong ctia doan K P.

(b3) D tring véi diém B.

Ta & chitng minh truong hop (b1), (b2) khong thé x4y ra.

Trong truong hop (b1) ta c6 theo diéu kien da cho AB + CD; =
BC + ADq, mat khac AB+ KC = AK + CB.

Vi t1t gide ABCK ngoai tiép duong tron (O). Tit hai dang thic trén
ta nhan dugec KC = KD, + CDy, diéu nay vo ly.

Truong truong hop (be) tuong tu ta ¢6 AB + CDy = BC + AD,y va
AB+ KC = AK + BC.

T hai ding thitc trén ta nhan duge CDy = K Dy + KC, diéu nay vo
Iy. Vay chi c6 thé B va D trung nhau.

Tinh chat 2. ac — bd = AC.BD. cos a.
Ching manh.
Goi giao di¢m ciia 2 dudng chéo tit giac

ABCD la E. Dat AB = a; BC = b; A
CD=c;DA=d,FA = x; o

EB =y, EC =2 ED =t,AEB = a.
Ta da biét D

a+c=b+d= (a+c)*=(b+d)?

& 2(ac —bd) = b* + d* — a® — ¢ Hinh 2.18
= 9% + 22 + 2yzcosa + 2? + 2 + 2xt. cos o

—2? — y? + 2xycosa — t? — 22 + 2tz cosa

= 2cosa(xy +yz + 2t +tx) = 2cosa(x + 2)(y + t) = 2cos a. AC.BD
= ac — bd = AC.BD. cos a.

Tinh chat 3. Néu ac = bd vd a = 90° thi ti gidc ngoai tiép 1 tit giac
noi tiép.

Ching minh. Ta co

C

(a+c)* = (b4 d)* = 2(ac — bd) + (a®> + *) — (b* + d?)
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= 2(ac — bd) + 2% + y* + 2wy cosa + 22 4+ t* + 2zt. cosa
—y? — 224+ 2yzcosa — t2 — 2% + 2tz cosa
= 2(ac — bd) + 2 cos a(xy + yz + =zt + tx).
(a). Néu t1t giac noi tiép va ac = bd = o = 90°;
(b). Néu tit gidc noi tiép va a = 90° = ac = bd;
(c). Néu a = 90° va ac = bd = t1t gidc ngoai tiép.
Tinh chat 4. Ry + Rs = Ry + Ry. Trong dé Ry, Ry, Rs, Ry
tuong tng la ban kinh duong tron ngoai tiép cac tam giac
AFEAB,AEBC,AECD,AEDA.
Chitng minh. Ap dung cong thic tinh dien tich tam gidc

N DN OO

abc abc axy a
S=—&R=—: R = = i
AR 48" ! 4 : 2sin «v
.~y sin «
2
b d
Tuong tu ta c6 Ry = ———; 3= C 3 4= —.
2sin « 2sin o 2sin «
a-+c b+d
Ri+Ry3=—"— Ro+Ry=_—.
2sin a 2sin a

Vaya+c=b+d< R+ R3 = Ry + Ry.
Tinh chéat 5. T giac ngoai tiép c6 hai dudng chéo vuong géc thi
1 1 1
BB R RS

1 1 2 sl 2 sl 2 sin av.
Chiing minh. Ta ¢6 - + L — siner | 2sine_ 2sino (a+ c).
Rl R3 a & ac
1 1 2sina.(b+d)
Tuong ty¢ — + — = .
N TR, bd
Vay néu a + ¢ = b+ d va ac = bd nghia la
QSina.(a+c):281na.(b+d) thi i_l_i:i_'_i.
ac bd Ry Ry Ry Ry

p 1 1 1 1
Tinh chat 6. —

ha  he by g
Trong d6 hg, hy, he, hg tuong ting 1a do dai duong vuodng goc ha tir A
xuong AB, BC,CD va DA.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



23

. 1 1
Ching minh. Ap dung cong thiic S = §ah = » = 2 taco

25
I a 1 b 1 c 1 d
he axysina’ hy, yzsina' h. ztsina’ hy trsina
1 1 a c azt + cxy
= —+—= — + — = —.
he he xysina ztsina  xyztsina
! 1 b d bxt + dyz
va — + — = : + - = —.
hy hg wyzsina atsina zxyztsina
! + ! ! + ! & azt + bxt 4+ d
— 4+ —=—4+ — & azt +cry =bx z
ha  he by g ! /

azt + cry)? = (bat + dyz)*

azt)? + (cxy)* + 2aztcry = (bat)* + (dyz)* + 2batdyz.

Theo dinh 1y ham s6 cosin

(2% 4+ y* — 2xy cos )22t + (22 + t* — 2tz cos a)z’y? + 2aztcry

= (y* + 2% — 2yz cos a)x*t? + (2 + 2* — 2z cos a)y*2* + 2batdyz
& 2zyzt(ac — bd) = 2zxyzt(zy + yz + 2t + tx) cos o

S ac—bd = (vy +yz + 2t + tz). cos
Sac—bd=(r+2)(y+1). cosa

< (a+c)?=(b+d)°

Sa+c=b+d (dpem).

Tinh chat 7. T giac ngoai tiép c6 hai dudng chéo vuong géc thi
h, + hy = h. + hy.

1
Ching minh. Theo cong thic S = Eah.

Ta c6 h, — xysinoz; hy = yzsinoz; B — ztsina; By — txsinoz.
a b c d
cry + azt) sin o btr + dyz) sin «
ha+hc:hb+hd<:>( Y ac) :( bz) .

Vay néu c6 thém ac = bd = cxy + azt = btx + dyz
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= ac — bd = cosa.AC.BD =0 = cosa = 0 = a = 90,
Tinh chat 8. Tt giac ngoai tiép c6 hai duong chéo vuong géc thi
1 1 1 1
— + +

1 r3 () T4

Trong d6 71,19, 13,74 tuong tng la ban kinh dudng tron noi tiép cac
tam giac AEAB, AEBC, AECD,AEDA.

1
Ching minh. Tac6 S =pr = — = b
,

55

1 1 1 1
+

7°_1 r3 () T4
p1 P3 P2 P4

& =+ ===+ =
S S3 Sy Sy

r+y+a z4+t+c y+z+b ax+t+d

2 2 2 2
Ty sin « zt sin Yz sin o xt sin o
2 2 2 2
r+y+a z4+t+c y+z+0b z+t+d
Ty zt Yz xt

& azt + cry = brt + dyz
= ac — bd = cosa. AC.BD =0 = cosa =0 = a = 90°.

Tinh chdt 9.

Trong d6 1, 1y, 7e, T4 tuong tng 1a ban kinh dudng tron bang tiép cac
canh a,b, ¢, d cta cac tam giac AEAB, AEBC, AECD,AEDA.
Chitng minh. Ap dung S = (p — a)r,.

—a —c —b —d
(@Pl +P3 :p2 +]?4

S S3 S Sy
r+y—a z+t—c y+z—-b zx+t—d
2 4 2 2 2
Ty sin o ztsin o Yz sin o 2t sin o
2 2 2 2
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r+y—a z+t—c y+z—0b x+t-—d
< + = +
Ty zt Yz xt
& azt + cry = brt + dyz
= ac — bd = cosaw. AC.BD = 0(tc2).

Tinh chét 10. p, + ps = ps + pa.

Trong dé pi,p2,p3, ps tuong tng la chu vi cha cac tam giac
AFAB,AEBC,AECD,AEDA.
Ching minh.

_rTHyta _yt+tz+b  zt+t+c  t+r+d
b1 = 9 y D2 = 9 yP3 = 9 s P4 = 9
r+y+a z4+t+c z+y+z+t)+(atco)
p1+p3s= 5 + 5 = 5
y+z+b t+zx+d zxz+y+z+t)+(b+d)
P2t Pps= 5 + 5 = 5 :

Vay p1 + p3 = p2 + py & tit gidc ngoai tiép.

2.3.3. Tt gidc dong thdi nodi va ngoai tiép
Mot s6 tinh chat clia ti gidc dong thoi noi tiép va ngoai tiép duong
tron. Nhitng ti giac nay c6 tinh chat sau:
mn =ac+bd, a+c=0b+d. (2.32)
Bai toan 2.12. Mot tit gidc dong thoi noi, ngoai tiép duong tron. Nhiing
doan thing néi nhing diém tiép xiic ctia duong tron noi tiép trén cic
canh doi dién vuong géc véi nhau.
Lot giaa.
K¥ hieu nhu hinh ben. O day I 1a tam
dudng tron noi tiép tit giac, P 1a giao diém
cua LN va KM. goc LPK = « ta co:

1 1 l— 1 —
o= §SdKL+ §deN = §KOL-|— §MON

1 1 _
= 5(180° — KDL) + - (180° — MBN)

] —
= 180° — §(KDL + MBN) Hinh 2.19
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1
= 180° — 5.1800 = 90°.

Bai toan 2.13. Néu mot tit gidc ngoai tiép mot duong tron va nhiing
doan thiang nbéi nhiing diém tiép xtc ciia dudng tron vdi cac cap canh
dbi dien vuong géc véi nhau thi né noi tiép trong mot duong tron.

2 ]. —_ —_
Lo gigi. Tu dang thic o = 180° — §(KDL + MBN) & bai trén vdi
diéu kien a = 90° ta suy ra KDL+ MBN = 180°. Vay ti giac ABCD

noi tiép.

2.3.4. T giac v6i nhitng dudng chéo vudng goc
Bai toan 2.14. T giac ABCD c¢6 hai duong chéo vuong géc véi nhau
khi va chf khi nhiing duong trung tuyén ctia chiing bang nhau.

Lot gidi. Dé thay ti giac M N PQ 13 mot hinh binh hanh vi cac canh
déi ctia chung song song v6i duong chéo cua ti giac ABCD.

Cho ACLBD khi do ta giac MNPQ
la mot hinh ch nhat va suy ra hai duong
chéo M P va NQ@Q bang nhau.

Ngugc lai, cho cac duong trung tuyén
MP = N@. Khi d6 hinh binh hanh
MNPQ la hinh cht nhat, QM//AC va
QM 1LMP = ACLMP ma MP//BD suy
ra ACLDB. Hinh 2.20

Bai toan 2.15. Tt giac ABC'D c6 hai duong chéo vuong géc véi nhau
khi va chi khi

a? + c* = b + d*. (2.33)
Lot giaz.
Cho ACLBD. Tu dinh 1y Pythagoras
ta co

a® + ¢ = (AO? + DO?) + (OB* 4+ 0C?)
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= (AO* + BO?) + (DO* + CO?)
=V +d*.
Nguge lai cho dang thic (2.33) dugc
thoa man. Gia sit AC' va BD khong vuong
g6¢ véi nhau va AOD = BOC la géc nhon. Khi d6 AOB = COD 1a goc
ti. Tt dinh 1y Cosin vé do dai cac canh trong mot tam giac, ta c6

a® + ¢ < (AO? + DO?) + (CO* + OB?)
= (AO? + BO?) + (DO?* 4+ C0O?)
< b* 4 d* (diéu nay trai véi gia thiét).

2.4. Cong thic dién tich cua ta giac

2.4.1. Coéng thiic dién tich cta t& gidc nodi tiép

Dinh 1y 2.6. (Cong thiic Brahmagupt). Ky hiéu S la dién tich cta tit
giac noi tiép ABCD véi do dai cac canh la a,b,c,d va p la nita chu vi.
Khi dé

S=+/(p—a)p—b)(p—c)p—d. (2.34)

Ching minh.

Cho ABCD la tit gidc noi tiép trong dudng
tron. Do dai duong chéo BD la n. Theo gia thiét
A+ C = 180° nén ta ¢6 cosA = —cosC va
sin A = sin C. Viét cach khac

a’>+ b —2abcos A =n? =+ d* — 2cdcos C. o
& 2(ab+cd)cos A = a* +b* — & —d*. (2.35) v

Hinh 2.22

1 1 1
T do S = EabsinA + §cdsin0 = §(ab + cd) sin A.
Rt gon ta co

2(ab + cd) sin A = 48. (2.36)
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Tir (2.35) va (2.36) ta dugce 4(ab+ cd)? = (a* +1? — 2 — d?)* + 165
= 165% = (2ab + 2¢d)* — (a* 4+ V* — & — d?)2.
(2ab + 2¢d)* — (a® + b2 —* —d*)?
= (2ab+ 2cd + a® + 0> — & — d*)(2ab + 2cd — a® — V? + & + &7
((a+b)* = (c—d)* )((c +d)* — (a —b)*)
= (a
(

+b+c—d)a+b—c+d)(c+d+a—-b)(c+d—a+Db)
2p — 2d)(2p — 2¢)(2p — 2b)(2p — 2a).

Béi vay S2= (p—a)(p—b)(p—c)(p — d).
Khi d = 0 ta c6 S%pc = p(p — a)(p — b)(p — ¢) chinh la cong thitc
Heron vé dién tich tam gidc da biét.

2.4.2. Coéng thiic dién tich cta t& gidc ngoai tiép

Dinh 1y 2.7. Dién tich clia moi tit gidc ngoai tiép duong tron dugc tinh
theo cong thic

1
S = 5\/m2n2 — (ac — bd)?. (2.37)
Ching minh. Theo (2.32) ta c¢6
2mn + a® + ¢ — b2 — d* = 2mn + (a + ¢)* — 2ac — (b + d)* + 2bd
= 2(mn — ac + bd).

va tuong tir ta c6 2mn — a® — 2 + 0* + d* = 2(mn + ac — bd).
Thay cac dang thic trén vao cong thic

48 = \/(2mn + a2 + 2 — b2 — &®)(2mn — a2 — 2 + b2 + d?).

1
Ta duge S = 5\/m2n2 — (ac — bd)?.

2.4.3. Coéng thic dién tich ctia ti giac dong thoi noi tiép va
ngoai tiép

Dinh 1y 2.8. Dién tich ctia mot tit giac dong thoi noi tiép va ngoai tiép

duong tron duoc biéu dién theo do dai cac canh cilia tam gidc bing dang

thiic

S = Vabed. (2.38)
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Ching minh. Tt dang thic mn = ac + bd ta c6
(mn)? — (ac — bd)* = (ac + bd)* — (ac — bd)* = 4abcd.

1
Thay vao cong thic S = 5\/m2n2 — (ac — bd)? = S = Vabed.

2.4.4. Coéng thitc dién tich cta ti giac 16i bat ky
Dinh 1y 2.9. Dién tich ctia tit gidc 1oi ABC'D duoc tinh theo cong thiic

At O) C(2.39)

S = \/(p —a)(p—0)(p—c)(p —d) — abcd. cos? <

Ching minh.

Tac6 S=[ABCD] = [ABD]+[BDC] =~ S;“A L b S;HC

& 45% = (ad)?sin? A + (bc)? sin® C' + 2abed sin A sin C. (2.40)

Mat khac ta tai co

a® +d* — 2adcos A = b* + ¢* — 2bccos C
(CL2 + d2 o b2 . 62)2
4
= (ad)?cos® A + (bc)? cos® C — 2abed cos Acos C. (2.41)

Cong tuong tng 2 vé ciia (2.40) va (2.41) ta dugc
(a2 + d2 . b2 . 02)2
4

Cong thiic nay c6 thé dude bién ddi thanh
165° = (a+b+c—d)(a+b+d—c)at+c+d—Db)(b+c+d—a)
A+C)

458% + = (ad)?® + (bc)* — 2abed. cos (A + C).

—16abed. cos> <

b d
DébtpzchL —;C+ ta co

165 = 16(p — a)(p — b)(p — ¢)(p — d) — 16abcd. cos® (

A+C)

=5 = \/(p —a)(p—">)(p—c)(p—d) — abed. cos? <A+ C).
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2.5. T giac diéu hoa va tinh chéat

2.5.1. Hang diém diéu hoa
Pinh nghia 2.7. Bén diém A, B,C, D trén mot truc lap thanh mot
hang diém diéu hoa va dugce ky hieu (ABCD) = —1, néu

CA DA

- == (2.42)
CB DB

2.5.2. T giac diéu hoa
Dinh nghia 2.8. Tit giac ABCD noi tiép mot duong tron dugde goi 1a
tit giac dieu hoa, néu cac tiép tuyén ctia duong tron ngoai tiép tai A va
C cat nhau tai mot diém trén duong thang (BD), va nguge lai, cac tiép
tuyén ciia dudng tron ngoai tiép tai cac diem B va D cat nhau tai mot
diém trén duong thang AC.

AB CB

Dinh nghia 2.9. Tt gidc ABCD noi tiép va thod mam — = ——
inh nghia giac noi tiep va thoa mém —— oD

ducc goi 1a tit giac dicu hoa.
Dinh 1y 2.10. Tt gidc ABCD la tit gidc diéu hoa khi va chi khi
AB.CD = AD.BC. (2.43)

Ching minh.

(a) Phan thudn. Gid st cac tiép tuyén clia dudng tron ngoai tiép tit
gidc ABCD tai A va C cit nhau tai P nam trén duong thang BD. Khi
do6, hai tam gidc AABP, ADAP dong dang, nén

AB  BP
Tuong ti, hai tam giac ACBP, ADCP dong dang, nén
DC CP AP
BC BP BP’ (2.45)
Tu (2.44) va (2.45) suy ra
AB DC
——=1 AB.DC = AD.BC. 2.4
1D BC & C C (2.46)
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(b) Phan ddo. Gia st tit giac ABC'D noi tiép duong tron (O) c6 tinh
chat (2.10). Goi E, F lan lu¢t 1a chan cac dudng phan giac trong va ngoai
cua goéc B, suy ra cing la chan cac duong phan giac trong va ngoai cua
gbéc D. Dung duong tron Apollonius tam (/) dusng kinh EF. Ro rang
B va D thuoc duong tron (I). Vi (ACEF) = —1 va I 1 trung diém cia
EF,nén IB? = [E? = [A.IC. Suy ra IB la tiép tuyén cia (O) tai B.
Tuong ty, ta c6 I D la tiép tuyén ctia (O) tai D. Tuong ti cac tiép tuyén
cia (O) tai A va C gip nhau tai mot diém trén duong thang BD.

Nhan zét. Nhan xét rang hé thiic (2.46) c6 thé dimg lam dinh nghia
tit giac dieu hoa.

2.5.3. Tinh chit cta ti& giac diéu hoa

Tinh chat 1. Cho ti gidc diéu hoa ABCD nai tiép dudng tron (O)
c6 g—g = g—é = k, thi (O) truc giao véi duong tron Apollonius ti s6 k
dung trén doan AC.

Chitng minh. Goi E, F 1an luct 14 chan dudng phan giac trong va ngoai
cua goc B.

Khi d6 duong tron Apollonius ti sb6 k
la dudng tron tam [ duong kinh EF', ro
rang B, D € (I). Ta can chiing minh IB
la tiép tuyén cua (O), Thuyc vay, ta co
(ACEF) = —1 va I la trung diém EF nén
IE? = TA.IC ma tam giac IBE can tai I,
suy ra IE = IB, do d6 IB? = TA.IC suy
ra IB la tiép tuyén cia (O) (dpem). Hinh 2.23

Tinh chét 2. Tt gisc ABCD nai tiép dusng tron (O) la tit gidc diéu
hoa khi va chi khi AC, tiép tuyén tai B, tiép tuyén tai D cta (O) dong
quy (AC, BD khac dusng kinh).

Ching minh.

Chiéu thudn: Dtung theo tinh chat 1.

Chiéu nghich: Ding theo dinh nghia.
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Tinh chat 3. Cho ABCD la tit giac diéu hoa thi

AC.BD =2AB.CD =2BC.AD.

Ching minh.
L. a1 AB AB B
T giac ABCD dieu hoa = ol;, /— oD = AB.CD = AD.CB.
Mat khac ta ¢c6 ABCD ndi tiep nén theo dinh 1y Ptolemy thi
AC.BD = AB.CD + AD.BC.
Do d6 AC.BD =2.AB.CD =2.AD.BC.

Tinh chét 4. Cho ti gidc diéu hoa ABCD nai tiép (O), tiép tuyén
tai B v D cat nhau tai M, I la giao diem cia AC va BD. Khi dé6
(MIAC) = —1
Ching minh. Ta co
MC  [MCD] CD.sin MDC
A~ [MAD] ~ AD smAIDA
_IC [IBC] BC.sinIBC

va = —,
IA [ICB] BA.sinIBA
CD BC

Ma/fl_g = E,/EHAB] = S1n ADM,
ssin [BC’]W:6§111 ]\%gi . 1
uy ra —— = — - 1.
Y MA T TA Hinh 2.24

Nhan xét: Cho mot diem M nam ngoai
dudng tron, tit M vé hai tiép tuyén M A, M B dén (O). Mot cat tuyén
qua M cat (O) tai P,Q va cat AB tai N thi (M NPQ) = —1.

Tinh chdt 5. Cho tit giac didu hoa ABC'D nai tiép (O), goi M 1a giao
clia hai tiép tuyén ctia (O) tai B va D. Goi I 1a giao diém ctia OM va
BD. Khi d6 IB la phan gidc ctia goc AIC.

Ching minh. Ta c6 AC cat BD tai K thi (MKAC) = —1. Ta c6
I(MKAC) = —1 va IM vudng goc IK nen IM,IK lan lugt 1a phan

giac trong va phan giac ngoai ciia goc AKC.
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2.5.4. Bai toan
Bai toan 2.16. Tir diém A nim ngoai (O), ké hai tiép tuyén AB, AC
(B, C la tiép diém) va cat tuyén ADE. Qua D ké duong thang vuong
géc OB cat BC, BE lan Iuot tai H, K. Chitng minh DH = HK

Loi gids.

Goi I 1a giao diém ctia BC va ED,
ta co ti giac ECDB la ti giac diéu
hoa nén B(EDIA) = -1.

Ma DK//AB (cung vudng géc véi
OB). Do dé H la trung diém ctia DK
(dpcem).

Hinh 2.25

Bai toan 2.17. (Dé thi chon doi tuyén Toan Viét Nam du thi IMO
2001). Trong mat phiang cho hai duong tron C) va Cy cit nhau tai A va
B. Mot tiép tuyén chung ctia hai duong tron tiép xtic véi Cy 6 P va Cy &
T. Céc tiép tuyén tai P va T ctia duong tron ngoai tiép tam gidgc APT
cat nhau tai S. Goi H la diém dbi xing clia B qua PT. Chitng minh
ring A, H, S thang hang.

Loi gidi.

Ta chi can chitng minh APHT 1a ti
giac diéu hoa. Ta ching minh APHT
noi tidp, that vay ta c6 BPT = PAB
va BTP = BAT.

Suyraﬁ+@’: @hay
PAT = 180° — BPT = 180° — PHT.

Do dé6 tit giac APHT nai tiép. Goi
M la giao diém ctia AB va PT.

Ta ¢c6 MB.MA = MP? va
MB.MA = MT? nen MP = %1]; VB Hinh 2.26
Ta c6 ~ 24 .
aco AMPB ~ AMAP, suy ra P = WP
Tuong tu thi BT _MB S bP _ BT
ng t 1AT_MT' uy ra 1P~ AT P
HOnnﬁ’atacéBP:HPvéBT:HT.DodéA—T:ﬁ.
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T d6 ta co ti giac APHT 1a t¢ giac diéu doa, theo tinh chat 2 thi
A, H, S thang hang.
Bai toan 2.18. (Bai 1 trong ky thi Olympic Toan Quoc té nam 2003).
Gia st ABCD la mot tit gidc noi tiép. Goi P,Q, R la chan cac duong
vuong goéc ha tir D lan luot trén cac duong thang BC,C A va AB. Chiing
té rang PQ = QR khi va chi khi phan giac ctia cac géc ABC va ADC
cat nhau trén AC

Loi gidi. Ta biét rang P,Q, R thang hang (duong thang Simson). Qua
B vé duong thing song song v6i PR cat AC tai M. Phan giac clia goc

B va D cit nhau tai mot diém tréen AC khi va chi khi B—A = D—A va

BC  DC
QP = QR khi va chi khi (MQAC) = - 1.

Vay ta chi can ching minh ti
giac ABCD di¢u hoa khi va chi khi
(MQAC) = - 1.

o AM _AB CM _ CB

a co = v — _
AQ AR CQ CP

Mat khac ADARsin ADCP (gg),

AR DA
Sy Ta CP DC’ 0o Hinh 2.27
AM M AB
(MQAC) = —1 _¢ _ B

A0 T CcQ T AR CP
_AB_AR _ AB_ DA
CB CP ~CD DC

Bai toan 2.19. Trong mit phing cho hai duong tron C; tam O va
duong tron Cy tam O, cdt nhau tai hai diem A va B. Céc tiép tuyén
tai A va B ctia Cy cdt nhau tai K. Gid sit M 1a moét diém ndm trén
Cinhung khong trung véi A va B. Duong thang AM cét lai Cy tai P,
duong thang KM cit C; tai C va duong thang AC cit Cy tai Q.

(a). Chiing minh trung diém PQ thuoc duong thang MC.

(b). Duong thang PQ luon di qua mot diém c6 dinh khi M di chuyén
trén (.

L&i gidi.
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(a). Goi N la giao diém ctia M K va PQ,
ta ching minh N la trung diém cta PQ.
Ta c6 tit giac AMBC' 1a ti giac diéu hoa

_AC CB
YU AM T MB

Ta ¢c6 AMBP ~ ACBQ(g.g), suy ra

CB CQ C

= . Tt do ta cé = .

MB - mp O A T b
Ap dung dinh 1y Menelaus cho tam

giac APQ véi cat tuyén MKN thi
NP MP CA _
NQ MA CQ '
T d6 ta c6 NP = NQ hay N la trung diém cta PQ.
(b). Goi J 1a giao diém ctia AK va (Cy), suy ra J c¢b dinh. Ta chiing
minh td giac BQJP diéu hoa.
TacéC/]W\B:B/A\C:E%T%Vag?QB\C:@:P/I?Q,suyra
ACBM ~ AQBP(g.9), tut d6 B~ BP
ACTJQ
AM — JP

Hinh 2.28

Chiing minh tuong tu ta cling c6

. BC AC  BQ
Ma B = AN nenﬁ—J—P, suy ra tu giac BQJP la ti giac

dieu hoa. Do d6 P(Q di qua giao diem [ ctia hai tiép tuyén vé tit B va J
cia (Cy).

Bai toan 2.20. Cho tam gidc ABC. Duong tron tam I noi tiép tam
giac ABC va tiép xtic véi BC, AC va AB lan luot tai D, E, F. AD cat
(I) tai diém thit hai la M, BM,CM cat (I) tai Y va Z. Chitng minh
rang BZ,CY va AD dong quy.

Lot gias.

T giac MEY D 1a ti giac diéu hoa
nén ta ¢c6 MY.DE = 2ME.DY | suy

MY  2ME.DY
“yC T YCDE - \

T giac M F'Z D la tt giac dieu hoa
nentaco MZ.DF =2MF.DZ, suy ra
BZ  BZ.DF
MZ 2MF.DZ’

Hinh 2.29
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Do dé6 ta co

DCYM.ZB  DC 2ME.DY BZ.DF

v . . 9247
DBYC.ZM DB YCO.DE 2MF.DZ (2.47)
o . ME DE
Mat khac t@ giac M EDF' dieu hoa nén VE - DF
DC DY BZ
= (247) & DB D7 OV
v, &Y _CD _BZ _DZ DC DY BZ _
“oy DM _BD DM PV '™ DB DZzCY

DCYM.ZB

V& BEVCZ
quy.

= 1 nén theo dinh Iy Ceva thi M D, BY,CZ dong

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



67

Chuong 3
Cac duong thang dong quy

Trong chuong nay trinh bay mot s6 dinh 1y vé cac duong thing dong
quy. Dé giam di do phtc tap tac gid khong dua vao do dai dai sé6 ¢ mot
s6 dinh 1y, bai toan va phan chiing minh. Néu dua vao do dai dai s6 thi
két qua co the sai khac -1.

3.1. Dinh ly Ceva

Dinh ly 3.1. (Dinh Iy Ceva) Cho tam gidac ABC' va cac diém Ay, By, C}
lan Iuot thuoc cac canh BC,CA, AB. Khi d6 AA,, BB;,CC, dong quy
khi va chi khi

AB B A
1B B GiA (3.1)
A,C B;A'CiB

Ching minh.
Chiéu thuan: Cho AA,, BB;, CC;
dong quy, ta chiing minh (3.1).

Gia st BBy, CC, cat duong thang o
qua A song song v6i BC lan luct tai [
va K. Ap dung dinh 1y Thales ta co:

B1

Al

B.C BC A 4K

: — = (32 \
B,A TA C.B BC ( ) Hinh 3.1

Hon ntwra ta co

IA  AM _KA:AlB_ Al
AB  MA, AC T AC AK
A1B B A TA BC AK
Tit (3.2) va (3.3) ta c6 ——. © A 14 BO AR
AC BiA C4'B AK Al BC
Chieu nghich: Gid st ta c6 heé thic (3.1), ta can ching minh
AAl,BBl,C’Cl déng quy.

(3.3)
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Goi M la giao diém ctia AA; va BBy, C' 1a giao diém ctia CP va AB.
Khi d6 a4p dung phan trén ta co6

AB BIC C'A

A,C'BlLACB

A CA
Tit (3.1) va (3.4) ta c6 GA_ 04 =0 (Do C; va C' cing
C\B (B

thuoc canh AB). Vay AA;, BBy, CCy dong quy tai P (dpcm).

Bo ba duong thing AA,, BB;,CC; dong quy nhu trén dudc goi la
bo ba dusng thang Ceva va céc doan thang AA,, BB;, CC, goi la bo ba
doan thang Ceva. Dinh 1y Ceva la dinh 1§ co ban nhat dung dé chiing

~1. (3.4)

minh cac duong thing dong quy.

3.2. Mot s6 md rong cua dinh 1y Ceva trong mit phing
3.2.1. Dinh ly Ceva dang sin

Pinh 1y 3.2. Goi E, F, G la ba diém tuong ting ndm trén cac canh BC.

CA, AB ctia tam giac ABC. Ba duong thang AE, BF, CG cat nhau tai
mot diem O khi va chi khi

sinA/BT17 sinB/C\G sin@ _q

—_— —_— —_— (3-5)
sin CBF sin ACG sin BAE
Ching minh.
Chiéu thuan. Gid st AE, BF, CG
dong quy tai O. Khi d6 hai tam giac A
ABE va ACE c6 cung chiéu cao ha
tu dinh A. G
_ BE _[ABE] F
BC ~ [ACE] ‘
_ AB.AE.sin BAE _ AB.sin BAE k
AC.AE.sinCAE  AC.sinCAE Hinh 3.2
BE  AB.sin BAE
BC  AC.sinCAE
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Tuong tu ta co
CF  BC. sin CBF AG CA.sin ACG
FA  BA.snABF GB (B.sinBCG
Nhan tuong tng 2 vé ctia (3.6) va (3.7) ta duge

(3.7)

sinB/\AE sin@ SinA/C\G _ BE CF AG
sinC{ATE.sinA/BE"sinB/CE BC FA GB
Chiéu nghich. Chitng minh tuong tir dinh 1y Ceva.

3.2.2. MG rong dinh ly Ceva trong mit phing

(a). Trudng hop 1. Ta xét truong hop ba diém nam trén ba canh
clla tam giac, trong d6 c6 hai diém thuoc phan kéo dai ctia hai canh
tuong tng khi d6 diém dong quy nam ngoai tam giac.

Phuong phap co ban gidng nhu trude
day, noéi riéeng nén cong vao hay la trit dién
tich cta cac hinh khac nhau. Hinh hoc tiéu
chuan mau khong c6 con dudng dé chi ra
vi trf clia diém A nam trén canh AZ (xem
hinh).

Ta chon dua vao khai niém duong va am
do dai. Trong hinh, BX ¢6 do dai duong,
vi BX nam trén ctiing mot phia véi C trén BC. XC ¢6 do dai am, vi XC
nam & phia bén kia C nhu canh bién ctia tam giac. Tuong tu AZ c6 do

Hinh 3.3

dai am trong khi d6 cac doan khac c¢6 do dai duong. Md rong do dai am
c6 dién tich am.

Cac tam giac AABX va AACX 1a hai tam gidc ¢6 cung chiéu cao,
do d6 ti le gitta cac canh 1a ti lé thuan vé dién tich tuong tng. Tuong tu
ta ciing c6 APBX va APCX ciing c6 cung chiéu cao. Vi vay ta c6

BX _[ABX] _[PBX] _[ABX]-[PBX] _[ABP]

XC ~[AXC]  [PXC]  [AXC]-[PXC] [CAP|

Tt e o Y BCPL - AZ_[CAP)
He WA CUNS €O A T aBp] Y ZB T BCP
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Nhan 2 vé tuong tng ciia ba dang thic trén ta dudc.

BX CY AZ [ABP] [BCP] [CAP] _q

XC'YA' ZB ~ [CAP] [ABP] [BCP]

(b). Truong hgp 2. Hai tam giac

AABC va AA'B'C’ ¢6 cac canh tuong
ting song song (nhu hinh vé), khi d6
AA'. BB',CC" dong quy.
Nghiém 1 (S@ dung dinh ly Ceva).
Mé rong cia BB’ cat A'C’ tai Y/ va cét
AC tai Y, md rong ctia CC' cat A'B’ tai
7' va cit AB tai Z.

Goi P la giao diém ctia BB’ va CC'. Kéo dai A'P ciat B'C' va BC
tuong tng ¢ X’ va X. Khi d6 ta c¢6 nhiéu tam gidc dong dang va suy ra

nhiéu ti s6 dong dang.

APB'X' ~ APBX; APX'C'~APXC
N B'X' _ PX’ _ X'C’ N B'X' _ X’C" B'X’ _ BX
BX PX XC BX XC' XC XC
AB'C'Y' ~ ABCY; ABY'A ~ABYA
N c'y’ _ BY’ _ Y'A N c'y’ _ Y’A'. 'y’ _ CcY
CY BY YA cY YA Y'A YA
AC'A'Z' ~ ACAZ;: AC'Z'B'~ACZB
N A7 _ c'z _ Z'B’ N A'Z _ Z’B’. A7 _ AZ
AZ CZ ZB AZ ZB' 7Z'B" ZB
T gia thiét BB',CC’", A'P’' dong quy tai P, theo dinh 1y Ceva ta c6
B'X CY AZ BX CY AZ
X'C'"YA ZB ~ XCYAZB
Lai theo dinh ly Ceva dusng AX ciing di qua diém P. Diem A’, P va
X thiang hang theo cach dung va ching ta thay ring A, P va X thang
hang. Do d6 A’, A va P thang hang va A’A di qua diem P.
Nghiém 2 (Khong s@ dung dinh ly Ceva). Mé rong BB' va CC’
cat nhau tai diem P. Vé PA’ va PA. Trong hinh vé nay ta gia sit A, A’, P
khong thang hang va ta phai chiing minh ching thang hang.
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Ching ta c6 mot vai tam giac dong A
dang.
AA'B'C' ~ AABC; APB'C' ~ APBC (\
_AC'_BC_PC'__AC_PC e

AC ~ BC PC T AC  PC’ i

Ta c¢6 hai ti lé thic (A'C" : AC va °® ¢
P'C’ . PC) va goc gitta chung bang nhau Hinh 3.5
(PC'A' = PCA).

Do d6 APC'A" ~ APCA. Tuong ty phuong phap dong du. Do d6
C'PA’ = CPA, CP trung C'P va PA’ cung trung PA. Vay P,A" A
thang hang (dpcm).

Nghiém 8. Md rong BB' va CC' cat
nhau ¢ diem P, kéo dai PA, goi giao clia
PA v6i AB’ la X ta phai chiing minh X
trung A’

Ta c6 mot vai tam giac dong dang
AA'B'C' ~ AABC; APB'C' ~ APBC;

APXB' ~ AABC, Hinh 3.6

N A'B’ _ B'C’ _ PB’ _ XB N A'B’ _ XB
AB BC PB AB AB AB
Do d6 A’B' = X B’ va diéem A’ tring X vi ca hai cling ndm trén mot

duong thing va khoang cach 1a nhu nhau.
3.3. MGd rong dinh ly Ceva trong khong gian

3.3.1. Dinh ly Ceva trong khong gian

Dinh 1y 3.3. Trong khong gian cho tit diéen ABCD. Goi X la diém trén
AB, Y la diém trén BC, Z la diém trén CD va W la diém trén DA Bén
mat phang (AZB), (BWC), (CXD) va (DYA) cit nhau tai mot diém
khi va chi khi

AX BY 0Z DW _

2222 20 (3.8)
XBYC ZD WA
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Ching minh.

Goi A’ = BZNDY,C' = BWNDX, khi do6
(AZB)N(AY D) = AA" (CXD)N(DYA) =
CC’. Dung mat phang ché chita cd AA" va
CC'. Goi T = AC' N CA'. Ap dung dinh ly
Ceva cho tam giac ADB va tam giac CDB
ta nhan dugc két qua sau:

AWDTBX_l_ BT DZ CY _
WDTB XA ' TD ZC'YB Hinh 3.7
Nhan hai vé hai dang thi trén ta c6

AW DT BX BT DZ CY_“:)AX BY CZ DW_1
WD TB XATD ZC'YB XBYC ZD WA

3.3.2. Hé qua cua dinh ly Ceva trong khong gian

Hé qua 3.1. Trén méi mat cia tit dién ta xac dinh giao diém ctia ba
duong thang theo dinh Iy Ceva (véi diéu kien nhitng mat phang c6 canh
chung thi c6 diém trén canh trung nhau). Khi dé cdc doan noi tir mot
dinh cta tit dién dén cac diem Ceva ctia cdc mat doi dién sé dong quy

tai mot diém.

Hée qui nay tuong ty nhu két qua
cua dinh Iy Ceva md rong trong khong
gian da ching minh & trén. (3.8) van
ding trong trudng hgp nay. Theo dinh
Iy Ceva trong khong gian thi (AZB)N
(BWC) N (CXD)N (DY A) = P. Ta
phai ching minh dudc giao diem clia

tat cd cac mat phing va giao cia
(DUB) N (ATC) déu di qua P (xem
hinh vé).

Theo dinh 1y Melenaus mé rong

trong khong gian ap dung cho ti dién
ABCT dugc ciat bdi mat phang (X DY) ta co:
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AX BY CA' TC'

XBYC AT C'A (3.9)
Ap dung dinh 1y Ceva cho tam gidac ABC ta c6:
AX BY CU
XB'YC'UA_L (3.10)

Chia (3.9) cho (3.10) v& két qiia chiing minh dong thai ctia TU, CC’
va AA’ cit nhau tai P. Diéu nay c6 nghia 1a 6 mit phing cit nhau tai
P. Vi vay, cac duong giao nhau ctia nhitng mat phang cit nhau tai P,
c6 nghia 1a cac phan doan ciing cat nhau tai P.

3.4. Cac diém dic biét trong tam giac

3.4.1. Cac diém dic biét quen biét

1) Tam vong tron ngoai tiép. Trong tam gidc ABC, cac dudng
trung tryc cac canh clia tam giac dong quy tai diém O la tam ciia vong
tron ngoai tiép tam giac ABC.

2) Tam vong tron noi tiép. Trong tam gidc ABC, cac dudng phan
gidc cac goc clia tam giac dong quy tai diém I 1a tam ctia vong tron noi
tiép tam giac ABC.

3) Trong tam. Trong tam gidac ABC, cac duong trung tuyén tng
V6i cac canh clia tam gidc dong quy tai diem G dudc goi la trong tam
cua tam giac ABC.

4) Truc tam. Trong tam giac ABC, cac dudng cao ting véi cac dinh
clia tam giac dong quy tai diem H dugc goi la truc tam clia tam giac
ABC.

3.4.2. Mot s6 diém dac biét khac

1) Diém Gergonne. Trong tam giac ABC ba doan thing nbi céc
dinh ctia tam giac véi tiép diém cta canh déi dien véi dudng tron noi
tiép dong quy tai diém G, dugc goi la diem Gergonne.

2) Diém Nagel. Trong tam gidgc ABC ba doan thing ndi cac dinh
clia tam giac véi tiép diém ciia canh déi dién v6i dusng tron bang tiép
dong quy tai diem N dudc goi la diém Nagel.
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3) Diém Toricelli. Diém M trong tam giac ABC c6 tinh chat M A+
MB + MC' dat gia tri nhé nhat duge goi 1a diém Toricelli.

4) Diém Miquel. Cho 4 duong thing cit nhau tai 6 diém tao thanh
4 tam giac. Cac dudng tron ngoai tiép 4 tam giac nay c6 mot diem chung
goi 1a diém Miquel.

5) Diém Napoleon. Goi A’, B’, ¢’ 14 tam ciia ba tam giac déu dung
ra phia ngoai clia tam gidc ABC bat ky, sao cho A’, B’, C’ tuong tng ddi
dién véi cac diem A, B, C. Khi d6 ba dusng thang AA’, BB',CC" dong
quy tai mot diém, dudc goi 14 diém Napoleon tht nhat. Tuong tu néu
cac tam giac deu duge dung ve phia trong clia tam giac da cho, thi ta
c6 diém Napoleon thit hai.

6) Piém Fermat. Cho tam gidc ABC. Dung ra phia ngoi (vao
trong) cac tam giac deu BCM, ACN, ABP. Khi d6 tam phdi canh clia
tam giac ABC va tam giac MNP dugc goi 1a diem Fermat thi nhat
(thit hai) hay ngudi ta con goi 1a diém Fermat duong (am).

7) Diém Brocard. Trong mot tam gidac ABC cho trude c6 hai diém
Brocard M,N dugc xac dinh sao cho: ]\m = ]\TB\C’ = 1\7(,71 va W =
NCB = NBA

8) Diém Schiffler. Cho tam gidc ABC c6 I la tam duong tron noi
tiép tam gidc. Khi d6 4 dudng thang Euler ctia tam gidc IAB, IAC, IAB
va ABC ddng quy tai diém Schiffler ctia tam giac.

9) Diém Feuerbach. Trong mot tam gidc,duong tron Euler tiép
xtc véi dudng tron noi tiép cia né, va tiép diem do dude goi la diem
Feuerbach cua tam giac trén.

10) Diém Kosnita. Cho tam gidc ABC, O la tam duong tron ngoai
tiép tam gidc. Goi O1, Oy, O3 1a tam cac dudng tron ngoai tiép tam giac
BOC, AOC, AOB. Khi dé ba dusng thang AO,, BO, va CO5 dong quy
tai diém Kosnita ctia tam giac.

11) Diém Parry reflection. Cho tam giac ABC. Ké qua A, B,C
cac dudng thang a, b, ¢ song song véi nhau va song song véi duong thang
Euler ctia tam gidc. Goi a/, V', ¢ 1an lugt 1a cac duong déi xing véi a, b, ¢
qua BC,CA, AB. Khi d6 cac dudng nay dong quy tai diém Parry reflec-
tion cua tam giac ABC.
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3.5. Bai toan

Bai toan 3.1. Chitng minh ring trong mot tam gidc
(a) Ba duong trung tuyén dong quy;
(b) Ba duong phan giac dong quy;
(c¢) Ba duong cao dong quy;
(d) Ba duong trung truc dong quy.

Ching minh.

(a) Ba duong trung tuyén AM, BN, CP dong quy.

MB NC PA
That va . ) . = 1.1.1 = 1. Th inh 1¥
at vay ta co VO NAPE eo dinh ly Ceva,

AM,BN,CP dong quy tai G (G la trong tam tam giac).
(b) Ba duong phan giac AD, BE,CF

dong quy. AP dung tinh chat duong phan
DB AB EC BC

giac ta c6 — = ;. —— = —— Va

DC ~ AC’ EA ~ BA N
FA CA

FB (OB’ p
Do qq DB EC FA _AB BC CA
O DO EATFTBE T ACBACB s C

theo dinh ly Ceva ta c6 AD, BE,CF dong M
quy tai I (I 1a tam duong tron noi tiép cla Hinh 3.9
tam giac ABC).

(c) Ba duong cao AH, BI, CK dong quy.

Truong hop tam giac ABC nhon.

AK AC ClI BC
Ta c6 AAKC AABI = a7 A ,ABCI ANACH = C’H Tk
HB IC KA

Do dé HC TA'KC = 1, theo dinh ly Ceva thi ba dudng thing
AH, BI va CK dong quy tai mot diem duge goi la tryc tam cia tam

A

glac.

Truong hop tam giac ABC' tu tai A.

Goi O la giao diém ctia BI va CK. Khi d6 A 1a truc tam ciia tam
giac OBC nén OALBC, suy ra O € AH.

(d) Ba dudng trung tric d,, dy, d. dong quy. Goi M, N, P lan lugt 1a
trung diém cta BC,CA, AB. Khi dé d,, dy, d. 1a ba dudng cao clia tam
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gidc M N P nén dong quy (dpcm).

Bai toan 3.2. Cho tam gidc ABC va duong tron tam I noi tiép trong
tam giac tiép xtic véi cac canh BC, AC va AB lan luot tai D, E, F. Khi
dé6 cdac duong thing AD, BE, CF dong quy tai mot diem.

Lot giaz.
. DB EC FA
Ta ¢c6 BD = BF,CD + CE,AE = AF. Suy ra O EATFE - 1,

theo dinh 1y Ceva thi cac duong thang AB, DE va C'F dong quy tai mot
diém J (J dugc goi la diém Gergonne ctia tam giac ABC).

Bai toan 3.3. Trong tam giac ABC, M la chan dudng vuoéng goéc ha
tir A xuong duong phan gic giac trong ctia géc BCA. N, L lan luot la
chan cac duong vuong goéc ha tir cac dinh A, C' xuéng duong phan giac
trong cua goéc ABC. Goi F la giao diém ctia cac duong thang MN va
AC, F la giao diém ctia cac duong thiang BF va CL, D Ia giao diém ctia
cac duong thang BL va AC. Chiing minh ring DE va M N song song
vOi nhau.

Lot giaz.

Kéo dai AM cat BC tai G, kéo dai AN
cat BC tai I. Khi d6 AM = MG, AN =
NI, suy ra M N va BC song song véi nhau.
Vi AM = MG nén ta c6 AF = FC. Kéo
dai CL cat AB tai J. Khi d6 JL = LC,
suy ra LF va AB song song véi nhau.

Goi H la giao diem ctia LF va BC. Ta
¢c6 BH = HC'. Trong tam giac BLC', cac
doan thang BE,LH,CD cat nhau tai F.
Stt dung dinh 1y Ceva ta nhan dugc

BH CE LD
HC EL' DB
.  CFE DB
VlBH:HCnenﬁ:E.

nhau. Do d6,DFE va M N song song véi nhau.

Hinh 3.10

1.

T d6 suy ra DE va BC song song véi
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Bai toan 3.4. Cho AABC lay E, F, M thi tu trén canh AC, AB, BC
sao cho EF//BC,MB = MC. Chitng minh rang CF, BE, AM dong
quy.

Loi gidi.

Cdch 1. (Chitng minh dong quy) Goi K 1a giao diém ctia AM va EF.
AK CE KM _ BM

Theo dmhi{yFTa;ej\’}BCFE: AR~ AR va, o 1.
Suy ra B OM AR — 1. Ap dung dinh 1y Ceva cho AABC' ta c¢6

CF,BE,AM dong quy.
Cach 2: (Ching minh

thang hang.) Tt A ké duong A
thang song song BC cit BE
tai N, AM N BE = I. F E
Ta c6
AF AN BC
BF BC'™ MC M
MI BM
ﬂ = —AN. Hinh 3.11

AF BC M]:ANQBle
BF MC AI BC AN

Ap dung dinh 1y Menelaus cho ABM thi F, I, C thing hang. T d6
suy ra OF, BE, AM dong quy.

Suy ra

Bai toan 3.5. Cho duong tron noi tiép tam giac ABC tiép xiic cac canh
BC, CA, AB lan luot tai D, E, F. Chiing minh AD, BE, CF dong quy.
Lot giazs.

Céch 1: Chitng minh dong quy.

Theo tinh chat hai tiép tuyén cit nhau AF = AE; BF = BD;CFE =
AF BD CE _AE BD CE

BF' CD'AE  BD CE AE
Ap dung dinh 1y Ceva cho AABC suy ra AD, BE,CF dong quy.
Cdch 2: Chiing minh thang hang.

T A ké duong thang song song véi BC cat CF tai N. ADNCF = 1.
. AE CB DI  AF CBCD AF CB AN CB

Taco o n DB AT “CD BF AN ~ BE AN~ CB' AN

CD, suy ra
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B D C B

Hinh 3.12

Ap dung dinh 1f Menelaus cho AACD thi AD, BE,CF ddng quy.

Bai toan 3.6. Cho tam gidc ABC duong cao AH. Lay D, E thit tur trén
AB, AC sao cho AH I phan gidc goc DHE. Chiing minh ring AH, BE,
CD dong quy:.
Loi giadi.

Céch 1: Chiing minh dong
quy. Tt A ké duong thang M A N M A N K
song song BC cat HE, HD
tai M va N. D DX I

Vi HA la phan giac cua ~o

goc A HAl duong cao nén N
AM = AN. H
Ta lai ¢6 Hinh 3.13
AD MA CE C’H AD BH CE MA BH CH
BD BH' AE AN BD'C’H'AE: BH CH AN

Ap dung dinh 1§ Ceva cho AABC suy ra AH, BE,C'D dong quy.
Cdch 2: Ching minh thang hang.

Tu A ké duong thang song song BC cat HD, HE, BE lan luct tai
M,N,K.Goi AHNBE = I. Ta c6

= 1.

AD MA AN _ HI BH

BD BH BH % Al = AK
_ AD BH HI _ AN BC BH _ AE CE

7 BD'CH Al _ BH HC AK _ CE AE
Ap dung dinh 1i Menelaus cho AABH thi D, I,C thing hang. Vay
AH,BE,CD dong quy.

= 1.
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Bai toan 3.7. Cho tit giac 1oi ABCD, cac duong DA cit CB tai K, AB

cat DC tai L, AC cat KL tai G va DB cat KL tai F. Chiing minh rang
KF KG

FL GL
Loi gidi.

Ap dung dinh 1y Ceva cho tam

gisdc DKL va diém B, ta c6 .
DA KF LC
: : =1. A1
AK FL CD (3.11) y
C
Ap dung dinh 1y Menelaus cho . B
tam giac DKL va dudng thing FooL G
ACG, ta ¢o Hinh 3.14
DA KG LC
: : =1. 12
AK GL CD (3.12)
KF KG
Tu (3.11) va (3.12) t — ==
u (3.11) va (3.12) asuy 1a — = =7

Bai toan 3.8. Cho tam giac ABC vuong tai A, duong cao AK. Dung
bén ngoai tam giac nhiing hinh vuong ABEF va ACGH. Ching minh
rang AK, BG, CE dong quy.

Lot gias.

Cach 1: Chiing minh dong quy.

ST
Hinh 3.15

Goi D= ABNCE, I = AC N BG. Diat AB = ¢, AC = b.
BK ¢ AD b CI b
L2 B2 _ % » _ Z. e
C6 ¢ = BK.BC;b _CKAiC;% beQVZ 5D~ &
c
AIB ~ 1 : : =-.—.-=1.
(do AAIB ~ ACIG), suy ra BD CR Al — o3
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Ap dung dinh 1y Ceva cho AABC thi AK, BG,CE dong quy.
Cdch 2: Chitng minh thang hang.

T A ké duong thang song song véi BC cit BG tai M.AKNBG = O.

s AD b KO _BK
YOBD T A0 T AM
Suy ra
bo e

ADBCKO_I_)B_C%_QBCBK_IECIC_Q ¢
BD CK AO ¢ CK AM ¢ AM CK ¢ CK'b» ce'b2

Ap dung dinh Iy Menelaus cho AABK thi D, O, C thing hang. Vay
AK, BG,CE dong quy.

Bai toan 3.9. (Olympic Toan hoc mua xuan Bulgaria, P11.2, 1997) Cho
tit gidc 16i ABCD thoa man DAB = ABC = BCD. Goi H, O lan higt
Ia truc tam va tam duong tron ngoai tiép AABC'. Chitng minh rang H,
O, D thang hang.

Loi gida.

Dit CABa, ABC = 3, BCA = .
Chia ¥ rang a < 3,7 < 3. Ta can xét
cac truong hgp £ < 90°, 8 < 90° va
3 = 90°.

* Gid sit 8 < 90°. Lic d6 O, H 1a
cac diem nam trong AABC va ta cé
ACO = CAO = HCB = HAB =
90° — B. Vi thé O la diém ndm beén
trong AHAC, tit do HAC = B—~=
ACD, HCO = —a =CAD,HAD = HCD = 283 — 90°.

Ap dung dinh 1§ ham s6 sin cho AAHD, ACHD, AACD ta dugc

Hinh 3.16

sinA/HT? B AD sin]TCT) _HD sin@ B CD
sin}m HD,sinC{HT) CD’sin@ AD

Nhan 2 vé tuong ting ciia ba dang thic trén ta dudc

sin A/H\D sin ﬁC’\O sin @) = sin @) sin @ sin 14/0\()
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T dinh 1y Ceva, suy ra AO, CO, HD dong quy tai mot diém, do dé
H, D, O thang hang.

* Trong truong hgp 8 = 90°, ta chitng minh duge H, B tring nhau, O
la trung diem AC va ti gidc AHCD la hinh chit nhat. Do vay H,O, D
thang hang.

* Sau cling, gid st 8 > 90°. Trong truong hop nay B va O lan luot
nam trong AAHC va AADC. Tuong tu nhu truong hop 8 < 90° ta
ciing c6 cac diem H, D, O thang hang.

Bai toan 3.10. (Bai dé nghi cho IMO ctia nuéc Anh, 2000) Goi O la
tam duong tron ngoai tiép va H Ia truc tam cia tam gidc nhon ABC.
Chiing t6 ring ton tai cac diém D, E, F tuong itng ndm trén cac canh
BC, CA, AB sao cho OD + DH = OE + EH = OF + FH va cac dudng
thang AD, BE, CF dong quy.

Loi gidi.

Kéo dai AH cat duong tron ngoai tiép
tam giac tai L va BC tai K. OLN BC = .
D. N6i HD, ta biét rang HK = KL nén
cling c6 HD = LD. Nhu thé OD + DH =
OD + DL = OL = R Ia ban kinh dudng
tron ngoai tiép tam giac ABC. Tuong tu B

N

ta c6 thé chon cac diém F va F lan lugt
tren CA va AB sao cho OE + EH = R =
OF + FH. Hinh 3.17

Ta sé chiing minh rang AD, BE,CF dong quy.

Ké OB,OC va BL. Bay gio OBC = 90° — A va CBL = CAL =
90° — C'. Vi thé OBL = (90° — A) + (90° — C') = B. Do OB = OL, ta
cing co OLB = B.

Do d6 BOL = 180° — 2B. Tit d6, BOD = 180° — 2B.

Twong tu, ta co COD = 180° — 2C. Theo dinh 1y ham sin trong
ABOD va AAOB c¢6

BD OD . CD OD
— = —— VA R S—
sin BOD sinODB sinCOD  sinOCD
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BD  sin(180° —2B) sin2B

CD ~ sin(180°—2C) sin2C"
CE  sin2C AF  sin24

FEA _sin24’ FB sin2B’

BD CE AF_

CD EA'FB ) X

Theo dinh li Ceva cac duong thing AD, BE, C'F dong quy (dpcm).

T do suy ra

Tuong tu,

Vay ta co

Bai toan 3.11. (Vo dich Han Quoc 1992) Trong tam giac ABC. Goi
M la giao diém ctia phan giac phan gidc géc A véi canh BC. D la chan
duong vuong géc ha tir A xudng canh BC. Néu E va F tuong 1ing 1a céc
giao diém ctia dudng tron ngoai tiép tam giac AMD vdi hai canh CA va
AB, hay chiing minh ring cac duong thing AD, BE, CF dong quy.

Lot gias.
Vi ADM = %7‘(‘ va cac diem N
A,D,M,E F ciung niam trén mot
duong tron nén BFM = CEM = %ﬂ'. .
Do vay, ABFM ZB ABZé, A
A\ng é” NAgCD A= 9B T e =% ¢
V& o R T MO Hinh 3.18
Nhung ]\i 5= ]\iCC t;lle)o tirgl l():hét -
phan giac, do do ta c6 ——= = reloh Vi FAM = MAFE nén AE = AF.

BD CE AF  BD CD
DC'CA'FB  BF ' CE
quy theo dinh 1y Ceva.

Suy ra =1 vado dé6 AD, BE,CF dong
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Chuong 4
Cac diém thang hang

Trong chuong nay trinh bay moét s6 dinh 1y vé cac diem thang hang,
cling nhu chuong truéc tac gia khong dua vao do dai dai s6 6 mot sb
dinh 1§, bai toan va phan ching minh.

4.1. Dinh ly Menelaus

Pinh 1y 4.1. Cho tam gidc ABC, trén cac dudng thing chia cac canh
BC, CA, AB, ta lay cac diem P, (), R tuong ting sao cho méi diém khong
triing vdi dinh tam giac. Khi dé, ba diém P,(Q, R thiang hang khi va chi
khi

RB PC QA _,

— L = (4.1)
RA PB QC

Ching minh.

Phan thuan: Gia st ba diem P, Q, R thing
hang. QUa A, ké dudng thing song song
v6i BO, cat duong thang (d) tai L. St dung
hé qua cta dinh 1y Thales, ta c6

LA QA P.QA
PC QC
RB PB RB LA
RA LA RA PB
Thay AL & (4.2) vao (4.3) ta duge dieu
phai chiing minh.
Phan ddo: Gia st (4.1) x4y ra. Goi Q' 1a giao diém ctia PR va canh AC.
Khi d6 theo phan thuan ta c6

(4.2) P

g
N
w
9

(4.3) Hinh 4.1

RB QA PC _

il (4.4)
RA QC PB
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QA QA
S’C gc ay @ = Q' (dpem).

Ghi chii: Dinh Iy Menelaus (phan dao) thuwong duoc st dung dé ching
manh tinh thing hang cia cic giao diém cia mot so duong thing.

T (4.1) va (4.4) ta suy ra

4.2. Mé rong dinh ly Menelaus trong mit phang

4.2.1. M3 rong dinh Iy Menelaus trong tam giac
Dinh ly 4.2. Cho tam gidc ABC. Mot duong thang (d) bat ky cat cac
duong thang BC, CA, AB lan lugt tai P, QQ, R. Khi do:

BR AQ PC _  BR AQ PC
AR QC BP AR QC PB

= 1. (4.5)

Dao lai, gia st cac diém P, Q, R tuong tng nam trén cac dudng thang
BC,CA, AB sao cho (4.5) dugc thod man. Khi d6 P, Q, R thang hang.
Ching minh.

Phan thuan: Tuong tu nhu dinh 1y Menelaus da biét.
Phan ddo: Gia sit (4.5) duge thod man. Goi O 1a giao diém ctia dudng
thang QP va AB. Ta can ching minh C; vi R trung nhau. Theo phan

BC, AQ PC BR AQ PC BC, BR
thuan ta co6 =1= suy ra
AC, QC BP AR QC PB’ A01 AR

. BX
Dé chitng minh C; = R, ta dé y rang phuong trinh = = m(m # 1)

c6 khong qua mot nghiem khi A # B. That vay, chon goc toa do 1a A,
truc toan do AB véi chiéu duong 1a chiéu tit A dén B. Cho toa do cia
X la z, toa do cla diem A la a, lac d6 phuong trinh trén tré thanh

M Tw d6 ta c6 didu phai chttng minh.

=_m&& =
T —a m—1

4.2.2. M3 rong dinh Iy Menelaus theo dién tich
Dinh 1y 4.3. Cho tam gidac ABC va 3 diéem M, N, P lan higt thudc
BC,CA, AB. Khi dé6 M, N, P thang hang khi va chi khi

[IMNP] BM.CN.AP — CM.AN.BP

[ABC] ~ ABBC.CA (4.6)
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Ching minh. Ta c¢6 [ABC| = [MAB] + [MAC].
= [ABC| = [PMA] + [PBM] + [NMC| + [NAM].
= [ABC] = [MNP] + [BMP] + [CNM] + [APN].

vpa [BMP]
Mat kh_ac [ABC] — - A
BM.BP.sin(BC,CA) BM.BP
BC.BA.sin(BC,CA) BC.BA P N
_[CNM] CN.CM
Tuong tu ta co = ——
[APN] AP.AN
[ABC] ~ AB.AC Hinh 4.2
Ta suy ra
[MNP]  [BMP] [CNM] [APN]
[ABC] [ABC]  [ABC] [ABC]
[MNP] - BM.BP CN.CM AP.AN
[ABC] BC.BA CACB AB.AC
N [MNP] BM.CN.AP — CM.AN.BP

[ABC] AB.BC.CA

4.2.3. M3 rong Dinh ly Menelaus trong ta giac
DPinh ly 4.4. Cho tit giac ABCD va mot duong thang d cit AB, BC,
CD, DA lan lugt 6 M, N, P, Q. Khi dé ta c6

MA NB PC QD

Pl fi (4.7)
MB NC PD QA
Ching minh.
Trén duong thang d lay hai diém
I, J sao cho AI//BJ//CD. Q
Theo Thales ta c6 B
MA TA NB JB OD PD A
MB JB NC PC 0OA TA N
Suy ra \
MANBPC QD TA JB PC PD Lp
MB NC PD QA JB PC PD IA inh 4.3
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4.3. M3 rong dinh ly Menelaus trong khoéng gian

4.3.1. Mait phang phan giac géc nhi dién
Pinh 1y 4.5. Cho ABCD la mot tit dien. Goi M 1a mot diém ndm trén
BC sao cho mét phang (AMD) la mat phiang phan giac ctia géc nhi dién

. BM [ABD]
ADC, ADB). Khi dé = .
(ADC, ADB). Khi d6 177 = e
Ching minh.
Ta c6 VABMD _ S4BD (vi c& hai khéi tu

~ Vacup  Sacp D
dién deu c6 chieu cao bang khoang cach tu A

dén mp(BCD)).
, Sapp  AM

Ta lai c6 = :
' Sacp  MD
gon dude do hai tam giac c6 ciing chiéu cao 1

khoéng céch tit D dén BC).

Bay gio, ti s6 ban dau ctia khoi ¢6 thé viét lai
theo cach khac. Chiéu cao ha tit M dén (ABD)
bang chiéu cao ha tit M dén (ACD). Day la tinh chat clia phan giac goc
nhi dién. Diéu nay c6 nghia la trong ti s6 ctia khoi, chiéu cao triét tieu

(Ti s6 dien tich rat

Hinh 4.4

cho tlt s6 va mau sb, con lai ti s6 dien tich tam gidac ABD va dién tich

. . Sap  Vaup AM
tam giac AC'D. Tém lai, = = :
& Y S Vacwp  MD

4.3.2. Dinh ly Menelaus trong khong gian

Dau tién c6 gang xay dung tuong tu dinh 1y nay bang cach nghien
citu ti s6 dien tich khi mit phang khong cit khéi ti dien. Trong khi lam
nghién cttu hinh hoc khong gian co ban, mot vai dieu tha vi vé mé rong
ctia dinh 1y ctia Menelaus da dugce tim thay.

Pinh 1y 4.6. Cho tit dien ABCD, M la diém trén AB, N la diém trén
BC, P Ia diém tréen CD va Q la diém tréen DA. Céac diem M, N, P, Q
AM BN CP DQ .

MB NC PD QA

dong phing khi va chi khi
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Két qud. Cang nhu dinh 1y cta
Ceva trén mat phang c6 tinh déi ngau
v6i dinh 1y cia Menelaus, ngudi ta hy
vong rang sé c6 tinh ddi ngau tuong tu
trong khong gian. Day la mot trong
nhiing nguyén ly dan dén phat bicu
cho dinh Iy cua Ceva trong khong

gian.
Hinh 4.5
4.4. Dinh ly Desargues va Dinh ly Pappus

4.4.1. Dinh ly Desargues

Dinh 1y 4.7. Cho hai tam giac ABC va tam giac A1B1C1. Goi M la
giao diém cita AB va A1 By, N Ia giao diém ciia AC va A,C;, P Ia
giao diém ciia BC va B;C;. Khi d6 M, N, P thing hang khi va chi khi
AA,, BB,,CC, dong quy.

Ching minh.

Chiéu nghich: Cho AA;, BB,
CC; dong quy tai O, ta ching
minh M, N, P thing hang. AP
dung dinh 1y Menelaus cho tam
gidc OAC véi ba diem N, A; va
Ch, ta co

NA A
Ge Ao (4.8)
NC C0 AjA Hinh 4.6
Tuong tu ta co
PC BB Ci0 _ ~ MB AA BO (4.9
PB'BO'C;C 7 MA AO BB '
NA PC MB
it (4.8) va (4. = 5 4 inh 1y
T (4.8) va (4.9) ta c6 NC PB MA 1, do d6 ap dung dinh ly

Menelaus cho tam giac ABC, ta c6 M, N, P thang hang.
Chiéu thudn: Cho M, N, P thang hang, ta ching minh AA,, BB, CC,
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dong quy. Xét hai tam giac MBB; va NCC, c6 M N, BC, B;C, dong
quy tai P.

Ta c6 O la giao diém ctia BB, va CC,. Hon nita A la giao ctia M B
va NC, A; la giao cuia M B; va NC4. Do d6 theo chiing minh trén, ta
c6 O, A va Ay thang hang, hay AA,, BB, va CC} dong quy (dpcm).

4.4.2. Dinh ly Pappus

Dinh 1y 4.8. Cho ba diem A, B, C' ndm trén dudng thang a, va ba diém
Ay, By, C, nim trén duong thang b. Goi M, N, P lan luot Ia giao diém
ctia cac cap duong thang (ABi, A1B),(ACy, A,C), (BCy, B,C) khi dé
M, N, P thang hang.

Ching minh.

Ap dung dinh 1y Pascal cho
luc gidc suy bién ABCABC,
noi tiép duong tron bac hai (9)
1 cip duong thang a va b.

Ta c6 AB; N A4B =
M, ACy N A;C = N,BC; N
B,C = P = M,N,P thing
hang (dpem). Hinh 4.7

4.5. Tam giac phdi canh

Dinh 1y néu trong phan nay thugc vé Girard Desargues (1591-1661).
N6 c6 ting dung quan trong ddi véi 1y thuyét vé phoéi canh trong nghe
thuat. Mot s6 tac gia st dung thuat ngit "copolar" dé mo ta nhing hinh
tam giac phdi canh tit mot diem. Mot so téc gid sit dung thuat ngit
"coaxial" dé mo ta cac hinh tam gidc dugc phdi canh theo mot dudong
thing.

Dinh nghia 4.1. Hai tam giac AABC va AAB,C; dugc goi 1a phdi
canh tit diem O néu ba dusng thang AA;, BBy, CC; dong quy tai diem
O. Diém O dugc goi 1a dinh phdi canh.
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Dinh nghia 4.2. Hai tam giac AABC va AA,B,C; dudc goi 1a phdi
canh theo mot duong thang néu ba diém L, M, N tuong ting la giao diém
cia BC va B,Cy, AC va A,Cy, AB vai A B; thi L, M, N thing hang.
Duong thang chita cac diém L, M, N dugc goi 1a dudng phdi canh.

Dinh ly 4.9. (Desargues) Hai tam giagc AABC va AA;B1Cy la phoi
canh tir mot diém khi va chi khi chiing 14 phéi canh theo mot duong
thang.

4.6. Bai toan

Bai toan 4.1. Cho tit gidc ABCD ngoai tiép duong tron (I), goi
M, N, P, Q lan luot la cac tiép diém ctia (I) véi AB, BC,CD, DA. Chiing
minh rang NP, MQ va BD déong quy.
Lot gias.

Theo gid  thiét ta ¢o
AQ = AM,BM = BN,CN =
CP,DP = DQ@. Goi O la giao diém
cia NP va BD. Ap dung dinh 1y
Menelaus cho tam giac BCD ta

OB PDNC OB _NB
OD'PC'NB =~ OD PD’ Hinh 4.8
| OB QD MA NB QD
Khi dé 5 . . = . =
1dotaco G- O MB ~ PD MB
Ap dung dinh 1§ Menelaus cho tam gidac ABD thi O, M,Q thing
hang. Vay NP, BD va M@ dong quy (dpcm).

1.

Bai toan 4.2. Chitng minh riang trong mot tam gidc, chan duong phan
giac trong ctia hai goc va chan duong phan giac ngoai cia goc thit ba la
thang hang.

Lot giai. Cho tam giac ABC, goi BE, C'F la hai duong phan giac trong
va AD la phan giac ngoai. (F € AC,F € AB,D € BC).

Tru6c hét ta thay 3 diém D, E, F thoa man diéu kién hai diéem E, F
thuoc hai canh AC, AB clia tam giac con diém D ndm ngoai doan BC.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



90

Mat khac theo tinh chat ctia duong A

phan giac cua tam giac, ta co .

DB AB EC BC FA CA A

DC AC’ EA BA FB CB D B C
Suy ra Hinh 4.9

DB EC FA AB BC CA
DC' EA'FB AC BA'CB

1 (dpcm).

Bai toan 4.3. Cho tam gidc ABC va AD, BE, C'F I3 b6 ba dudng thing
Ceva. Goi P Ia giao diém ctia DE va AB, N la giao diém ciia DF va
AC, M Ia giao diém ctia EF va BC. Chiing minh ring M, N, P thang
hang.

Loi gias.

Xét hai tam giac ABC va tam giac
DEF ¢6 AD, BE,CF dong quy. Ap dung
dinh 1y Desargues ta c6 ngay diéu can
chitng minh (dpcm).

Bai toan 4.4. (Macedonia 2001) Cho tam
gidagc ABC noi tiép trong mot duong tron.

Goi D la giao diém ctia tiép tuyén tai A vdi
duong thang BC, E la giao diém ciia tiép
tuyén tai B véi duong thing CA, F la giao
diém ctia tiép tuyén tai C véi duong thang AB. Chiing minh ring cac
diéem D, E, F thang hang.

Loi gidi. Ap dung dinh 1y Pascal cho cac diém A, A, B, B,C,C cung
nam trén mot dudng tron, ta c6 ngay két qua cac diem D, E, F thang

Hinh 4.10

hang.

Bai toan 4.5. Cho tam gidc ABC noi tiép trong duong mot tron. D.
E lan luot 1a cac diém giita ciia cac cung AB, AC. Goi P la mot diem
thuoc cung BC, Q la giao diém ctia DP va AB, R la giao diém ciia PE
va AC. Chitng minh ring dudng thang QR chita tam I dudng tron noi
tiép cta tam gidc ABC.
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Lot gias.

Vi D la diém giita cung AB nén dudng
thang C'D chia doi goc ACB. Tuong tu
duong thang EB chia doi goc ABC. Do d6
CD va EB giao nhau tai I. Ap dung dinh
Iy Pascal cho cac diem C, D, P,E, B, A ta
nhan dudgc cac diem 7, Q, R thang hang.

Bai toan 4.6. (IMO 1991 unused) Cho
tam giac ABC va P 1a mot diém ndm trong Hinh 4.11

tam giac. Goi Py, P, lan luot la chan cac

duong vuong géc ha tir P xuéng cac canh AC, BC. N6i AP, BP, tit C
ké cac duong vuong géc xuong AP, BP. Goi Q1, Qs 1a chan cac duong
vuong goc nay. Gia sit rang Qo # P, Q1 # P». Chitng minh rang céc
duong thang P,Qy, Q1 Py, AB dong quy.

Lot gias.
CO\P = 90° nén cac diém

C,Q1, P, P, Py, Q; cing nam trén mot
duong tron duong kinh C'P. Chu y
rang A = CPINPQ,B = Q.PNPC.

Ap dung dinh 1y Pascal cho céac
diem C, P;, s, P, D1, P» ta nhan dugc Hinh 4.12
X = PiQ)> N Q1 P2 thudoc duong théng AB.

Bai toan 4.7. (China 2005). Mot duong tron cat ba canh BC, CA,
AB ciia tam gidgc ABC tai cac diém Dy, Do Ey, Ey; Fy, Fy. Céc doan
DyE,, DyEy cat nhau tai L, cic doan E,F), E3Dy cat nhau tai M, céc
doan F\ D, FyE, cit nhau tai N. Chitng minh ring cac duong thing AP,
BM, CN dong quy.

Lot giar. Goi P = D1Fiy N DyFEs, Q = 1Dy N EyFy, R = FiEy N FyDs.
Ap dung dinh 1y Pascal cho cac diéem E», Ey, D1, Fi, F5, Do, ta nhan
duge A, L, P thang hang.
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Ap dung dinh 1y Pascal cho cac diém F», Fy, By, D1, Do, F», ta nhan
duge B, M, Q thing hang.

Ap dung dinh 1y Pascal cho cac
diem Ds, Dy, Fy, By, By, F5, ta nhan dudc
C, N, R thang hang.

Goi X = EbEiN D Fy = CAN D Fs,

Y =FKFNED,=ABNE\ D,

Z =DyDiNFiEy = BCN FEs.

Ap dung dinh 1y Pascal cho cac
diem D;, F}, Ey, By, Do, F5, ta nhan dugc
P R, X thang hang. Hinh 4.13

Ap dung dinh 1y Pascal cho cac diém
Ei, Dy, F\, F5, By, Dy, ta nhan duge Q, P,Y thang hang.

Ap dung dinh 1y Pascal cho cac diém F}, Ey, D1, Dy, F5, F5, ta nhan
duge R, Q, Z thang hang.

Xét hai tam giac AABC,APQR, tac6 X = CANRP,Y = ABnN
PQ,Z = BC N QR. Ap dung dinh lyd Desargues (phan dao), ta c6
AP = AL, BQ = BM,CR = CN la cac dudng thang dong quy.

Bai toan 4.8. (IMO 1982-5) Cac duong chéo AC va CE ciia hinh luc
AM  CN
AC ~ CE

giac duogc chia bdi cac diem M, N tuong ting sao cho
Hay xéac dinh r néu B, M, N thang hang.

T.

Lot giaz.

Goi P la giao diém ctia BE va AC. Ap
dung dinh 1y Menelaus cho tam giac CPE
va duong thang BM N, ta c6

CM PB EN
MP BE NC

1. (4.10)

Luu ¥ rang

CM l—r 2-—2r Hinh 4.14
— = . 4.11
MP  r—3 2r—1 (4.11)
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— 1 1 PB 1
PB = AB.cosABP = ~AB = “BE = —— — _. 4.12
cos > PP T BE T (4.12)
EN 1—r
_ _ 4.13
NC r ( )
Thay (4.11), (4.12), (4.13) vao (4.10) ta dugc
2—2r11—r ) V3
or—14 r L Vay T

Bai toan 4.9. (Olympic Toan hoc Canada, 2001) Cho tam giac ABC
v6i AB > AC. Goi P Ia giao diém ciia duong trung truc ctia BC va dudng
phan giac trong cilia géc A. Dung cac diém X trén AB va Y trén AC sao
cho PX vuéng géc véi AB va PY vuong géc véi AC. Goi Z la giao diém
ctia XY va BC. Xac dinh gia trj ti s6 %
Lot gias.

Vi PAX = PAY = PXA = PYA =
90° nén APAX = APAY. Suy ra AX =
AY va PX = PY.

Do P nam trén trung tryc cia BC, ta
c6 PB = PC.

Nhu thé, APYC va APX B 13 hai tam
gidc vuong bang nhau, suy ra CY = BX.
Vi X,Y,Z thing hang, 4p dung dinh ly
Menelaus ta dugce AY.CZ.BX = 1.

YO ZB XA Ry Hinh 4.15

Nhung AX = AY,CY = BX nén ti s6 70 = 1.

Bai toan 4.10. (Olympic To4n hoc 30-4 lan thit 6 TP. HCM, Viet Nam)
Cho tam giac ABC c6 dién tich Sy = 1. Trén cic canh BC, CA, AB lay

. MB NC PA
cac diem M, N, P sao cho = ki, — = ko, == = k3(k1, ko, k3 < 1).
Tinh dién tich tam giac tao boi ba doan thange AM, BN va CP.

MC NA PB
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Lot giaz.
Goi EIF la tam giac tao bdi ba doan
thang AM, BN, CP. Khi d6 ta c6

Sgen  CN ko y
So - CA - ko + 1 N
k2
=S = —,
BCN Ty 1 ) L .
Spcr  BF
Spen BN’ Hinh 4.16

Ap dung dinh 1§ Menelaus vao AABN véi dusng PCF, ta cé:
FBCNPA_ljFB_1+k2:>BF_ 1+ ko
FN CA'PB FN  keks = BN 1+ ko+ koks

ko

So-
1+ ko + koky "
Chiing minh tuong tu ta cling c6

Tu d6 Sper =

g B ks g B k1
ACT = e kst A T T ks
ko ks k1 )
Vay taco S =1— + + .
Y (1+/€2+/€2]€3 1+ ks + koks 1+ ky + koks
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Chuong 5
Dudong tron

5.1. Phuong tich ctia mét diém - Truc diang phuong

5.1.1. Dinh 1y vé cac day cung cit nhau

Dinh 1y 5.1. Gia sit hai duong thang cat nhau tai P va cit dudng tron
tai cac diém tuong ing Ia A, A’ va B, B’. Khi d6, PA.PA’ = PB.PB’.Diéu
nay ding cho ca ba truong hop P nam trong, ngoai duong tron hay khi
PA la tiép tuyén (A, A’ trung nhau).

Ching minh.

Truong hop 1. Diém P ndm ngodi
duong tron.

Xét APAB' va APBA’ ¢6 P chung va
PA'B =PB'A (cting chan cung AB).

Vay APAB' ~ APBA’ (g.g), suy ra

PA  PB
55 = py & PAPA = PB.PB

(dpem). Hinh 5.1

Cac truong hop P nam trong duong tron, PA 1a tiép tuyén chiing
minh tuong tu.
Hé qua 5.1. Cho duong tron c6 ban kinh r, khodng cach tu P (bat ky)
dén tam duong tron la d. Gié sit duong thiang di dong qua P cit duong
tron tai hai diem A va A’. Khi dé ta c6 PA.PA' = r* — d? (néu P nam
trong duong tron) va PA.PA' = d* —r* (néu P niam ngoai duong tron).

Chitng minh. T ching minh dinh 1y trén khi cat tuyén PBB’ di qua
tam O ta c6 PA.PA' = PB.PB' = (d—r)(d+r) & PA.PA = d* —r*.

5.1.2. Phuong tich ctia mot diém dbi véi mot dudng tron
Pinh nghia 5.1. Ta goi dai lugng d*> — r? 1a phuong tich ciia diém P
do6i v6i duong tron da cho (khi P ndm trén dudng tron, ta c6 phuong
tich ctia P bang 0).
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Bai toan 5.1. (Thi vo dich Qubc gia Belarus, vong 4, 2000).
Goi M la giao diém ctia hai dusng chéo AC, BD ctia tit giac 16i ABCD.
Duong phan giac cta goc ACD cit tia BA tai K. Gia sit MA.MC +
MA.CD = MB.MD. Chiing minh riing BKC = CBD.
Lot giai.

Goi N la giao diém ctia CK va BD. Ap
dung dinh ly duong phan giac vao tam gac

MCD ta co
CD MC o OD MC.DN
— = A
DN MN MN P
K%dc(:)lt)%iuqc MB.MD:%ADMC—I— B
MAMC = MB.MN. Do M nam bén N
Hinh 5.2

trong ti gidc 16i ABC'N, tit dinh 1i phuong
tich ctia mot diém, suy ra K, B,C, D cing nim trén mot dudng tron.
Vay BKC = CBD.

B6 dé 5.1. Cho tam giac ABC. H la diém ndm trén canh BC. Khi dé
AH Ia duong cao néu va chi néu AB?> — AC?* = HB?* — HC?.

Chitng minh. Néu AH 1a dudng cao, dinh 1y Pytagoras cho ta AB? —
AC? = HB? — HC?. Ngudc lai néu AB? — AC? = HB? — HC?, ta goi
M la diém tréen BC sao cho AM 1a dudng cao. Khi d6, theo chitng minh
tren, AB?> — AC? = M B?> — MC?. Tu d6 ta dudc

HB? — HC? = MB* — MC?
& (HB+ HC)(HB — HC) = (MB + MC)(MB — MC)
& BC(HB — HC) = BO(MB — MC)
< HB—-—HC=MB—-MC
& M= H.
Bai toan 5.2. (Olympic Toan Qubc té, 1985). Cho tam giac ABC. Mot

duong tron tam O di qua cac diem A va C va lai cat cac doan AB, BC
theo thit tu tai hai diém phan biét K va N. Gia sit cac dudng tron ngoai
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tiép ctia tam gidac ABC va KBN cit nhau tai ding hai diém phan biét
B va M. Chitng minh géc OM B vuong.

Loi gidi.

Goi ACNKN = P. Do KMA
BMA — BMK = BCA — BNK =
fP\A, nén bén diem M, P, A, K
nam trén mot duong tron. Ngoai ra
AMP = AKP = 180° — ACB
180°— AMB (tt gidgc ACNK noi tiép).
Vay diém M nam trén doan BP.

bat BO = b, PO = p va goi R la
ban kinh duong tron ngoai tiép t giac
ACNK, ta c6: BM.BP = BK.BA = V> — R?>, PM.PB = PK.PN =
p? — R%

Cong tung vé hai ding thitc nay ta duge BP? = b® + p?> — 2R?, khi

2 P2\ 2 2 P2\ 2
déBM2—PM2:<b R)-(p R)

Hinh 5.3

BP BP

2 1 2 _ 9P2\(h2 _ 12
:(b +p 32;%2)(5 p):bz—pzzBOQ—POQ.

Tw do suy ra OM 1L BP.

Bai toan 5.3. Cho tam giac ABC néi tiép trong duong tron tam O. Tiép
tuyén ctia (O) tai cac tiép diém A, B,C lan lugt cat cac canh BC,C A
va AB tai cac diem P,Q, R. Chiing minh ring P,Q, R thang hang.

Loi gida.
Ta c6 ARCA ~ ARCB (g.g), nén
RB RC BC
RC RA _AC’
RB RC RB

Do d6 po2d = Ra

(- (e

Hinh 5.4
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TlIO tu. t /%— B_Az\P_C— £2
nerh o s = \Be) Y PB T \BA)

L RBAQCP _(BC\® (BAY! (AC\'_ |
RA'QC'PB \AC) "\BC) '\BA)
Theo dinh Iy Menelaus P, Q, R thang hang (dpcm).

Ta c6 thé ching minh theo dinh 1y Pascal khi luc giac AABBCC suy
bién thanh tam giac ABC.

Bai toan 5.4. Cho 4 diem A, E, B, D nam trén dudng tron (theo thit
tu 1a chiéu kim dong ho). Tiép tuyén ctia duong tron tai B, E cit nhau
tai N, hai duong thing AE va DB cit nhau tai M, AB, DE cit nhau
tai L. Ching minh rdng L, N, M thang hang.

Loi gidi.

Ap dung dinh 1y Pascal vao
luc giac suy bién ABCDEF véi
B=C,E=F.Canh BC va EF -
suy bién va lan lugt tiép xtc vdi
dudng tron tai B va E.

Bai toan 5.5. Cho tuo giac B(C)
ABCD ngoai tiép duong tron.
Goi X,Y,Z, W lan huot la tiép
diém ctia duong tron noéi tiép tit gidc véi cac canh AB, BC,CD, DA ciia
tit giagc ABCD. Chiing minh ring cac duong thing XZ, YW, AC, BD
dong quy.

Hinh 5.5

Loi gidi.

Ta chitng minh bing truong hgp
suy bién ctia dinh 1y Brianchon. c
Chang han nhu lay hinh luc giac
ABY CDW khi d6 ta c6 AC, BD,YW ¥
dong quy. Tuong tu véi luc giac
AXBCZD c6 AC, BD, X Z dong quy. B

Vivay XZ, YW, AC, BD dong quy.
Hinh 5.6
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Bai toan 5.6. Cho tam gidac ABC va diém P bat ky ndm trong tam
gidgc. Goi Py, P, lan luot 1a chan duong vuong géc ha tir P xubng cac
canh AC, BC tuong ttng. Kéo dai AP va BP. Goi 1, Q- lan lugtla hinh
chiéu ctia C trén AP va BP. Chitng minh rang Q1 P, Q2P va AB dong
quy.

Loi gidi.

Ta co C/Pl\P, C/'PQ\P, C’/Qg\P, C/Ql\P nhin doan
CP duéi mot goc vudng, vay cac diém
C,Q1, P, P, P,,Qy cing nam trén duong tron
duong kinh PC'. Lai c6 CP; va Q1 P cat nhau tai
A, Qo P va CPy c&t nhau tai B. Ap dung dinh ly
Pascal cho luc gidc CPQ2PQ1 P, ta thiy PQ
va Q1P cat nhau tai diem X niam trén AB.
Vay Q1 P, Q2P va AB dong quy (dpcm).

Hinh 5.7
5.1.3. Truc dang phuong va tam ding phuong

Dinh nghia 5.2. Cho hai dudng tron (C}), (Cs) v6i tam tuong tng 1a
O1, 0. Tap hop cac diém c6 ciing phuong tich véi hai duong tron (C)
va (Cy) duge goi 1a truc dang phuong clia hai duong tron. Truc dang
phuong ctia hai dudng tron vuong géc véi dusng thing O;0;.

Dinh nghia 5.3. Trong truong hop c6 3 duong tron (Cy), (Cs), (Cs) 6
tam tuong tng 14 Op, Oy, O3 khong thang hang. Ba truc ding phuong
cia ba cip duong tron dong quy tai mot diem goi 1a tam déng phuong
cua ba duong tron.

Dinh 1y 5.2. (Céch xdc dinh truc diang phuong ciia hai dudng tron).
Néu hai duong tron giao nhau tai hai diém thi truc dang phuong chinh
14 duong thang ndi hai giao diém (dudng thang nay vuong géc véi duong
néi hai tam). Néu hai dudng tron tiép xiic nhau thi truc diang phuong
chinh la duong thing di qua tiép diem va vuong géc véi duong nodi hai
tam. Néu hai duong tron (C1) va (Cy) khong giao nhau, ta xac dinh truc
dang phuong bing cach vé duong tron (Cs) giao vdi ca hai dudng tron
dé. Xac dinh giao diém P ctia hai truc dang phuong gitta (Cy), (C3) va
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(Cs), (C3). Khi dé truc dang phiutong ciia (Cy) va (Cy) la duong thang di
qua P va vuong géc duong noi hai tam ctia (Cy) va (Cy).

Hé qua 5.2. Cho tit giac noi tiép ABCD va CDEF. Néu ba dudng thang
AB, CD, FE dong quy thi tit giac ABEF ciing noi tiép.

5.2. Dinh li Euler

Leonhard Euler (1707-1783) sinh ra va 16n len tai Thuy Si. Ong tot
nghiép Dai hoc Tong hop Basel (Thuy Si) khi méi 15 tudi. Tt 1727 dén
1741, Euler lam viéc tai St.Petersburg, nuéc Nga, sau chuyén dén Berlin,
nude Dite. Nam 1766 ong trd vé Petersburg va ¢ d6 dén cudi doi. Ten
tuoi ctia ong thuong xuyen dugc nhic dén qua moi thoi ki, trén thé gisi.
Ching ta da gap cac ki hieu quen thuoc vé cac canh a, b, ¢ clia tam giac
ABC, ki hieu ban kinh R va r, ki hi¢u ham f(x), sinx, cosx, s6 e trong
logarithm,... d6 1a nhitng ki hiéu ma lich st toan ghi nhan rang Euler 13
nguoi dau tién st dung.

5.2.1. Duong thang Euler
Dinh 1y 5.3. Cho tam giac ABC c¢6 H,G, O lan lugt Ia truc tam, trong
tam, tam duong tron ngoai tiép tam gidac. Khi &y H,G, O thing hang.
Duong thing chita H, G, O duoc goi Ia duong thang Euler clia tam gidc
ABC.
Ching minh.

Cdch 1. Bing cong cu vécto va phép
bién hinh. )

Xét Vg(—§) ta c0 A - M,B —
N.C = K = AABC — AMNK v

tryc tam H cia tam giac AABC bién ,Q&
thanh tryc tam O cia AMNK, suy ra

1 ) B Q C
@ = —5614}} Vay G, O, H thang hang i
(dpem). Hinh 5.8

Cdach 2. Goi A, la diém déi xing cla
H qua BC; N, la diém déi xtng ctia H qua M,.
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Khi ay, ta co: @0 = m = BTB\AO. Nhung BTB\AO = m =
m. Do vay m = @0 = m Suy ra A; € (ABC).

Mzt khac dé thiy HBN,C 1a hinh binh
hanh.

Do d6 BN,C = BHC = CoHB, =
180° — CyuAB, = 180° — BAC.

Dicu nay ching t6 N, € (ABC).
AgM, gis day doémg vai tro la duong B
trung binh cta tam giac HA;N,. Suy ra §
AoM,//A1N,. Nhung AgM, = BC 1L AA;.
Suy ra AN, LAA, = ma = 90°. Hinh 5.9

Do vay A, N, sé 13 hai diém ddi xing nhau qua tam O ctia (ABC),
dan dén A, O, N, thang hang.

Xét tam giac AHN,, Goi GG la trong tam cia tam giac. Khi d6 G €
AM, va jj\ia = % Suy ra G ciing la trong tam cua tam giac ABC. Mat
khac HO 1a mot trung tuyén tit H clia tam giac AHN,. Suy ra G € HO.
Vay 3 diem H, O, G thang hang.

jes)

Bai toan 5.7. (Du tuyén IMO, 1986) Cho tam gidc ABC. Goi O, H, G
lan Irot Ia tam vong tron ngoai tiép, truc tam va trong tam ciia tam giac
do. Gia st X la diém thuoc duong tron ngoai tiép tam giac ABC. Dat
T =XA?>+ XB?>+ XC?; E, F la cac diém thuoc dudng tron trén va tai
dé T lan lugt nhan nhiing gia tri tuwong 1tng I6n nhat, nhé nhat. Chiing
minh ring nam diém H, O, G, E, F cing thuéc mot dusng thang.

Lot giaa.

Theo dinh 1y vé dudong thing Euler ta c6

G, H, O thang hang. V6i X 1a diém thudc dusng s X
trong (O) ngoai tiép tam glac ABC, taco: T = ‘Q‘

XA? 4+ XB2 4 XO? = XA2 + XEB? + X (2 A

— (XO+0A)?* + (X0 + 0B)?+ (X0 + OCY?

B C
=6R? + 2.XO(OA + OB + OC’), v6i R la ban \\_/

kinh ctia duong tron (O).

Hinh 5.10
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Do OC = ~OH nen OH = 04 + OB + OC.
3

T cac dang thic trén suy ra: M = 6R? — 2)@(?}1 suy ra M =
6R? — 2.R.OH.cosa, trong d6 a la goc giita hai véc to O ,(ﬁ. Tu
déng thic cudi ta suy ra T nhan gia tri 16n nhat khi cosa bé nhat, hay
cosae = —1; khi d6 X = E, nam khac phia véi H déi v6i O. Va T nhan
gia tri bé nhat khi X = F nam cung phia v6i H d6i véi O, tuong ting
vl cosa = 1.
Vay céac diem G, H,O, E, F cing thuoc mot dudng thang (dpcm).

5.2.2. Duong tron Euler

Ba trung diém cac canh ctia mot tam giac, ba hinh chiéu ctia cac dinh
lén céc canh déi dien, ba trung diém cac doan ndi tit truc tam ciia tam
gidc dén cac dinh ciing nam trén mot duong tron. Pudng tron nay got
la duong tron chin diém Euler. Dusng tron nay c6 tam la trung
diém ctia doan néi truc tam véi giao diém ctia cac dudng trung truc.

Bai toan nay dugec EULER (1707 - 1783) dua ra va ching minh cho 6
diem, do la trung diém ciia céc canh ciia tam giac va hinh chiéu ctia céc
dinh ctia tam giac lén cac canh déi dien. Dén nam 1820, BRIANCHON
(1783 - 1864) va PONCELET (1778 - 1876) chiing minh thém rang 3
duong tron 6 diém néi trén con di qua trung diém ctia cac doan ndi ti
tryc tam dén cac dinh clia tam giac.

B6 dé 5.2. Cho tam gidc ABC c¢6 H la truc tam. Goi Ay, By, Cyy lan
lugt 1a hinh chiéu ciia A, B, C tuong tng léen BC,CA, AB. Goi M, lan
Lot Ia trung diem cta BC, O, la trung diém ctia HA. Ching minh ring
M,, O, nam trén duong tron ngoai tiép tam giac AyByCy.

Chatng minh. That vat ta c6 BByLAC tai By = BB,C = 90°. Hoan
toan tuong tu, ta ciing co BC’/O\C’ = 90°. Tu d6 suy ra dugc B, C, By, Cy
cung thudoc duong tron duong kinh BC, hon ntta M, con la tam cua
duong tron do6. Lap luan tuong tu ta cling ching minh dugc cac ti
giac sau day noi tiép dudng tron: T giac CoH AyB, HByC Ay, ACyH By,
trong d6 O, 14 tam cta duong tron ngoai tiép ti giac ACyH By. Khi
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4y, ta duge BoM,Cy = 2.C,CBy = 2.CoBBy = 2.CoAgH = 2.HAy B,
= ByM,Cy = C()A()B().
Suy ra C()AoMaBo nC)i tiép, tic 1a Ma € (A()B()C()) (1)

Ta lai c6 OTB?J = OTH\BO = BTC?O = BO/O\B = AyBy 1a tiép tuyén

. BC
tur O, dén ducng tron <Ma, 7), lap luan tuong tu cho O,C).

Suy ra OQ/CO\]WG = 0O,ByM, =

90° = CyO,ByM, noi tiép dudng tron N
(2). Tix (1) va (2) ta suy ra diéu phai <
ching minh. Mey/|%8 \ Mb

Tré lai bai toan ban dau: Ta goi co = \
Oy, O, lan luct 1a trung diem cua A / o
HB,HC:; M,, M, lan lugt la trung A0 :
diem ctia CA, AB. Khi dé6 lap luan Hinh 5.11

tuong tu nhu trén ta c6 Oy, My, O, M,

thuoc (AgByCp). Do vay Oy, Oy, O, My, My, M,, Ay, By, Cy 1 9 diém
cung thuoc mot duong tron. Day chinh la duong tron Fuler cua
tam giac ABC'.

5.2.3. Cong thiic Euler

B6 dé 5.3. Cho duong tron tam I ban kinh r ndm bén trong dudng tron
tam O ban kinh R. Gia sit A la diém tuy y trén duong tron 16n, AB
va AC la hai day cung cta duong tron nay, ching tiép xtic véi duong
tron nhé. Lic dé, BC la tiép tuyén ctia duong tron nhé néu va chi néu

I0=+\/R(R — 2r).

Ching minh.

Goi S 1a diém trén duong tron 16n sao
cho AF 1a phan gidc goc BAC. N&i CT va
CS. Khi d6, BC 1a tiép tuyén cia duong
tron nhé néu vi chi néu BCT = ICA. Didu
nay xay ra khi va chi khi SCT =CIS , béi
Vi CIS = ICA+TAC = ICA+ SCB.

Hinh 5.12
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Hon nita, SCT = CTS khi va chi khi SC = ST. Goi MN la dudng
kinh di qua I vA O ctia duong tron 16n. Lic d6, SC = ST néu va chi
néu SI.JTA = SC.TA = 2Rsin a. ,T = 2rR, v6i a = CAS. Tuy nhién

S11 v

dé thay SI.JA = MI.IN = (R — d)(R + d), v6i d = I0. Suy ra, ta
c6 SI.TA = 2rR néu va chi néu (R-d)(R+d)=2rR, hay d* = R?> — 2rR
(dpem).

Dinh 1y 5.4. (Cong thiic Euler).

Cho R, r lan lugt 1a ban kinh duong tron ngoai tiép va noi tiép clia mot
tam giac. Khi do, khoang cach d gitta hai tam cua hai dudng tron nay
la d*> = R?> — 2Rr.

Ching manh.

Cach 1. Goi O, I lan luct 13 tam dudng tron ngoai tiép va noi tiép tam
giac ABC.M 1a giao ctia phan gidc géc B v6i (O). Ta c6 BI.IM = R? —
I0? = R* — d?. Tam gidc ICM can tai M (vi CIM =1CM = B C).

Ké duong kinh MK cia duong tron (O) va ké ID = BC, suy ra

MK IB

AMKCNIBDiM—C—E Nhung MK =2R, ID =r,MC = M1

nén: 2Rr = IB.MC = IB.IM = R* — d*> = d* = R*> — 2Rr (dpcm).
Cédch 2. Goi L 1a giao ciia phan giac géc B v6i AC. Theo tinh chat

duong phan giac trong cac tam giac ABC' va BCL, ta ¢6

E—géLC— ab_ B]_ a a+tc
AL ¢ a+c¢ IL  LC b

Tu do ta dudge

m:b.@—k(a—FC).Oj . Oj_a.(ﬁl—kc.(ﬁ

a+b+c va B a+c Sy e
> \ \ 2
51 04 +b0B+cOC _ , (a.0A+b0B +cOC
a+b+ec B a+b+c

Do dé ta di dén

el { + b+ P)R* 4 ab(2R* — ) + be(2R? — a®) + ca(2R* — b°) }
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e abc
=55
. . abc abc ) 5
Mat khac, S = pr = — = 2Rr = — neén ta dugc d* = R* — 2Rr.
4R 2p

Bai toan 5.8. (IMO, 1962) Cho R, r lan Iugt la ban kinh duong tron
ngoai tiép va noi tiép clia mot tam giac can. Khi dé, khodng céach d giita
hai tam cuia hai duong tron nay la /R(R — 2r).
Loi gidi.

Gia st ABC' la tam giac c6 AB = AC, goi O
va I tuong ting 13 tam cac duong tron ngoai tiép
va noi tiép. Dat d 1a khoang cach IO, ta quy
u6c rang d > 0 néu O gan A hon I, va d < 0
néu I gan A hon O. O day ta trinh bay va vec
hinh trong truong hop O gan A hon I, trudng
hop con lai két qua vAn khong thay doi véi quy

uée tren. Goi o 1a goac OAB, M 1a trung diem Hinh 5.13
BC. Ké ITH1AB. Khi dé6
HI HI
sina = i hay r=(R+d)sina. (5.1)

Al ~ A0O+O0I R+d
—— OM OI+IM r+d

cos 2a = cos BO OB OB 7

hay r+d= Rcos2a. (5.2)

Két hap (5.1), (5.2) va sit dung cong thiic cos 2o = 1 — 2sin® o ta tim
dugce he thic (d+ R+7)[d> — R(R—2r)] = 0. Néu d > 0 nhu truong hop
ta dang xét thi hién nhién (d + R+ r) > 0, con néu d < 0 nhu trudng
hop con lai thi ta luon c6 OI < OA nén ta cing c6 (d+ R+1r) > 0. Vi
vay [@> — R(R—-2r)] =0 d=+/R(R—2r) (dpcm).

5.3. Duodng tron Apolonius

Apolonius sinh vao khoang nam 262 truéc CN tai Perga, bay gio thudc
Thé Nhi Ki. Ong mat vao khoang nam 190 truéc CN tai Alexandria, Ai
Cap. Ong dugc ménh danh 1a "C)ng vua Hinh hoc", tac pham do so con
lai dén ngay nay 1a bo sach gom 8 cudén Conics (cac dudng Co-nic).
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Dinh ly 5.5. Cho doan thang AB=a c6 dinh, m la s6 cho truéc (0 <

? ? MA
m < 1). M la diém chuyén dong sao cho i m. Khi do, quy tich cac

diem M la mot duong tron va dudng tron nay dugce goi la duong trom
Apolonius twong ing vdi hai diéem A, B va ti s6 m.

Ching minh.
Cach 1. Chiing minh bang phuong phdp Hinh hoc gidi tich.

Chon hé théng truc toan do vuong goc sao cho A = (a;0) va B =
(b;0). Gia sit M ¢6 toa do (x, y).

Diéu kien B tuong duong véi M A% = k*M B?, tic la

(x = a)* +y* =m*((x = b)* + ).
Nhém lai cac s6 hang 1di chia cho 1 — m? ta dudc

5 2m?b —2a s m2b* —a®
Tt Y =
m

1— 1—m?2

Day chinh 1a phuong trinh duong tron c¢6 tam nam trén truc hoanh,
titc 14 nam trén AB.
Cach 2.
Ve MC,MD lan luct 1a dudng phan
gidc trong va ngoai clia goc zm\B(C, D) e
AB. Ta ¢6 MC, MD la hai tia phan giac M
ctia hai goc ké bii, suy ra
CA DA MA
CB~ DB MB

va DMC = 90°. 0 A JcC

Tiu d6, theo tinh chat ti le thic ta

pe

co: Hinh 5.14

%_MA_@j CA _m
CB MB 1 ~CA+CB m+1
CA m m
= A:
jAB m+1:>0 m—+1

Vay C'la diém c6 dinh.

a (khong doi).
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Tuong tu, ta ciing c6
DA DA
m m L DA

DB—DA 1-m  AB 1-m [—m

Suy ra D la diem co dinh.

Do DMC = 90°, ma DC c¢b6 dinh nén M thuoc duong tron c6 dinh
c6 duong kinh DC.

Dao lai, 1y diéem M bat ki tréen duong tron dusng kinh DC, ta c6
DMC = 90°. Ve HALMC(H € MC),AH ~ MB = K.

a (khong doi).

AK AB
AH1IMC =
D
{DMLMC = AH//DM = AM:%
DM CD
. m 1 ~
Talai c6 DB = DA+ AB = a+a= .a nén
1—m —m
AK AB a
DM ~ DB r " (5:3)
1—m
M 2
Ta ciing ¢c6 CD = CA+ AD = m a4+ o= a,
m+1 1—m 1 —m?2
suy ra
AH CA  m+1 1-m (5.4)
DM CD  2m a_ 2 '
1 —m?
AK AH
Tu (5. a (5.4 = 2. AK = 2AH.
u (5.3) va (5 )suyraDM STV

Vay H la trung diem AK. AMAK c6 MHLAH, H la trung diem
AK, do d6 AMAK can tai M, suy ra MC' la phan giac cua goc MAB

{ AMz + AMB = 180° (k& bi)

AMz + AMB b L pwa-lawm
DMA+ AMC = 180° (:DMC’) 2

Vay M D la phan giac cua AMz. Tom lai, tap hop cac diem M la
duong tron dudng kinh DC.
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5.4. Dinh li Simson

Dinh 1y 5.6. Cho tam gidc ABC noi tiép trong duong tron tam (O),
gid st S 1a mot diém nim trén (O) sao cho S khong tring véi cac dinh
A, B, C cta tam gidc. Gia sit Ay, By, Cy 1a hinh chiéu ctia S tuong iing
trén cac canh BC,C A, AB. Khi dé Ay, By, Cy thang hang. Pudng thing
chita Ay, By, Cy duoc goi 1a duong thang Simson ctia S déi vdi tam gidc
ABC.

Ching minh.
Ta c6 CByS = C'ApS = 90°, suy ra tua

giac AgBySC la ti giac noi tiép, suy ra A

BOAOC - B()SC /

Mzt khac, vi ABSC noi tiép nén B
CoBS = ACS = ByCS o <\ ’/ c
= ASCyB ~ ASByC(g.g) AN /

T S

= BSC = CSBy = BSCy = ByA,C.
. Hinh 5.15
Nhung vi AgBCyS la tit giac noi tiep

(BAS = BCyS = 90°) nén BSCy = BACy = ByA,C = BAC =
Co, Ag, By thang hang (dpem).

Bai toan 5.9. Cho tam gidc ABC. Goi D, E, F lan luot la hinh chiéu
cia A trén BC, B trén CA, C trén AB. Chan cac duong vuong goc ha
tir D xuéng AB, AC, BE, CF lan luot 1a P, Q, M, N. Chiing minh rang
P, M, N, Q thang hang.

Lot gias.

Ro rang t giac BDHF 1a ti gidc tuan
hoan, dudng thang simson cta diém D di
qua P, M, N. Néi cach khac P, M, N thing .
hang. Twong tu nhu trén ta c6 Q, M, N K M

thang hang. Vay P, M, N,Q thang hang. /" \\ |3 )0

Bai toan 5.10. (IMO 2007) Xét 5 diém D ¢
A, B,C,D, E sao cho ABCD la hinh binh Hinh 5.16
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hanh va bén diém B,C, D, E cung nim trén mot duong tron. Goi [ Ia
mot duong thing di qua A. Gia siil cit doan DC 6 F va BC & G. Gia
st = EG = EC. Chitng minh rang | la phan gidc géc DAB

Loi gidi.

Goi Mg, Mp. My 1an luot 1y hinh
chiéu cia FE len CB,CD,BD. Ta
c6 theo gid thiét ban dau thi F
thuoc duong tron ngoai tiép tam
giac BCD, suy ra Mc, Mg, Mp thang
hang (duong thang Simson). Mat khac
EG = EC = FF nén F la tam duong
tron ngoai tiép tam gidc GCF,=
Mg, Mp la trung diém cia CG,CF = Hinh 5.17
MgMp la duong trung binh ctia tam
gisc OCGF = (MpMpMc)//(AF) = (GF) = M la trung diém ciia C A
ciing dong thdi 1a trung diém ctia BD. Trong tam giac EBD, EMc 1a

duong cao dong thoi cling 1a dudng trung tuyén, suy ra tam giac EBD
can 6 F, suy ra EB = BD.

Mat khac EBC = EDC suy ra tam giac EBMp va tam giac EDMp
bang nhau, suy ra EMgp = EMp = GC = CF = ACFG can 6 C, suy
ra CGF = CFG. Ma BAF = GFC,FAD = FGC = BAF = FAD =
F'A 1a phan giac goc BAD hay [ la phan giac goc BAD.

Bai toan 5.11. (IMO 1998 shortlisted problem) Cho tam giac ABC noi
tiép trong duong tron tam O, ban kinh R, H Ia truc tam tam giac. Goi
D la diém dbi xiing ciia A qua BC, E la diem dbi xing ctia B qua AC, F
la diém déi xiing ctia C qua AB. Chiing minh ring D, E, F thang hang
khi va chi khi OH = 2R.

Lot gias.

Cho APQR la tam giac trung gian cua tam gidac ABC nghia la A 1a
trung diem QR, B 1a trung diém RP va C la trung diem cta PQ. T
O vé cac duong vuodng goc t6i QR, RP, P() chan cac duong vudéng goc
tuong tng 1a D', B’ F.
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Ta c6 thé xem xét va chiing minh
rang D, E, F thang hang khi va chi khi
D', E', F' thang hang.

Bang dinh ly Simson (va dinh ly
déo cia nd) ta ching minh D', E' F’
thang hang khi va chi khi O nam trén

duong tron ngoai tiép tam gidc PQR.
Luu y rang duong tron ngoai tiép tam
giac PQR la duong tron qua truc tam

Hinh 5.18

H ctia tam giac ABC suy ra O nam
tren (PQR) khi va chi khi OH la
duong kinh ctia (PQR) suy ra OH = 2R.

Bai toan 5.12. (Olympic Toan hoc Canada, 2001) Cho tam giac ABC
véi BA > AC. Goi P la giao diém ciia duong trung truc ciia BC va duong
phan giac trong ctia géc A. Dung cac diém X trén AB va Y trén AC sao
cho PX vuéng géc véi AB va PY vuong géc véi AC. Goi Z la giao diém
ctia XY va BC. Xac dinh gia tri ti s6 %

ZC
Lo giaa.

Goi O 1a tam duong tron ngoai tiép AABC.
Gia st duong phan giac cla BAC cit duong
tron nay tai R.

Ta c6 BOR = 2BAR = 2CAR = COR.
Nhu thé, BR = CR va diém R nam trén trung
truc cua BC.

Vay R = P va ti giac ABCP noi tiép. Cac
diém X, Y, M lan lugt 1a chan cac dudng vudng Hinh 5.19
go6c ha tir P xudng cac canh cia AABC.

T d6 theo dinh Iy Simson, cac diém X,Y, M thang hang. Nhu vay

BZ
tacéMEZVaBZ:ZC:BM:MC:LVayﬁzl.

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



111

5.5. Dinh li Steiner

5.5.1. Pudng thing Steiner

Dinh 1y 5.7. Cho tam gidac ABC va diéem D nam trén dudng tron ngoai
tiép tam O ciia tam gidac. Goi Ay, By, Co lan luot la diém doi xitng vdi
D qua céac duong thang BC,CA, AB thi chiing cuing thuéc mot duong
thang va duong thang nay di qua truc tam H ciia tam gidc ABC. Dudng
thang doé duoc goi la duong thang steiner ting véi diem D ciia tam giac
ABC'. Con diém D duoc goi la diém anti steiner.

Chitng minh. Dé thay néu goi Ay, By, C lan lugt 13 hinh chiéu ctia D
xubéng ba canh clia tam gidc ABC thi C) la trung diém ctia doan DC
va tuong tu ta c6 Ay, By, Cy thing hang.
Ta co
ByHCy, = CoHB + BHC + CHB,
— DHoB + FHE + CHpD
— DAB + BAC + CAD ==

—'—
C2

Vay duong thang Steiner di qua H.
Tu d6 ta c6 dude tinh chat duong
thiange Simson tng véi diem D di qua trung diem ctia doan DH

Hinh 5.20

5.5.2. Dinh li Steiner
Dinh ly 5.8.

Cho tam giac ABC. Lan ludgt goi
T,Ta, Th, Te 12 ban kinh tuong ng ctia duong

tron noi tiép va ba duong tron bang tiép L Io
déi dien cac goc A, B,C cla tam giac rcI » [rb
nay. Goi R la ban kinh dudng tron ngoai B : C
tiép tiép tam giac ABC. Khi do6, ta c6 fa,
ro+nr,+7r.—r=4R. Ia

Ching minh.
Tacor,+ry+r.=4R+r
Hinh 5.21
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S S S abc S
& + + = —+=
p—a p—b p-—c S

& P (S0~ 1) —0) ~ (p— a)p— b)(p— ) = abe

& pBp* —2p(a+b+c)+ > ab) —p* +p*> a—p>_ ab+ abe = abe
S =20 +p*Y a+pd>ab—p> ab=0 (dpcm).

Dinh ly 5.9. (Diém Anti Steiner) Cho AABC' va dudng thang d di qua
H truc tam ciia tam gidc ABC. Goi dg, dy, d. lan Iuot 1a duong thing
déi xiing ctia d qua BC, AC, AB. Cac duong thing dé dong quy tai mot

diém nim trén dudng tron ngoai tiép tam gidac ABC (diem dé goi la
diem Anti steiner ctia d). Va d dugc goi la duong thang steiner ciia diém
do (goi la G).

Ching minh.

Goi Hy, Hp,He lan  luot &
hinh chiéu ctia H qua ba canh.
Suy ra ba diém nay thuoc
(O) ngoai tiép tam gidc ABC
vaa Hy, Hp,Heo lan  lugt thuoc
dg, dy, d..

(dy,dy) = (do, BC) + (BC,CA) +
(CA,dy) = (BC,d) + (BC,CA) +
(d,CA) = 2(BC,CA) = (CHy,CHp)(modnr).

Vay néu goi giao diém clia d,, dj, 1a G thi G thudc dudng tron ngoai
tiép tam giac ABC. Tuong t1t ta c6 dpem Theo hinh ctia dinh 1y duong
thang steiner ta dé& thdy HoD d6i xing véi HCy, HgD déi xing véi
HB,.

Vay ta c6 d ding 1a dudng thang steiner ciia G.

Hinh 5.22

Pinh 1y 5.10. Goi P la mot diém thuoc duong thing d.Py, Pg, Po lan
Lot 1a diém doéi xitng véi P qua cac canh ctia tam giac ABC. Ta c6 cac
duong tron (AP:Pg), (BPzPy), (CPAPg) clng di qua diém G.

Chitng minh. D& thay PoAPg = 2BAC (modr).
Theo chiing minh trén lai ¢6 (d., dy) = PoGPg = 2BAC(modr).
Suy ra G thuoc duong tron (APgPg). Tuong tu ¢6 dpem.
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5.6. Dinh ly Pithot

Dinh 1y 5.11. Cho ABCD Ix mot tit gidc 16i. Khi d6, ABCD ngoai tiép
duge mot duong tron néu va chi néu AB + CD = AD + BC.

Ching minh.

Phan thuan. D& dang thay rang néu ABCD ngoai tiép duge mot
duong tron thi AB + CD = AD + BC, diéu nay c6 dudgc theo tinh chat
tiép tuyén.

Phan ddo. Gia st ABC'D thoa méan dieu kien AB+CD = AD+ BC.
Suy ra |AD — CD| = |AB — BC| = 2a (khong ddi, véi a 1a s6 duong nao
d6). Bang céach vé hai duong phan giac géc A va B, ta dung duge dudng
tron tiép xic véi AB, AD va BC.

Goi D' la diém tréen AD sao cho
tit gidc ABC D’ ngoai tiép duong tron
nay. Theo phan thuan & trén ta c6
AB + CD" = AD' + BC, suy ra
|AD' — CD'| = |AB — BC| = 2a. Vay
cad D va D' déu nam trén hypebol c6

hai tieu diém 1a A va C. Tuy nhién
vi A, D’ va D thang hang nén D phai
trung D’ (dpcm). Hinh 5.23

5.7. Dinh ly Miquel

Miquel 1a nha toan hoc Phéap, tuy nhién cac cong trinh ctia 6ng khong
di dé dugce lich st toan luu lai tiéu si. Ong phat biéu va ching minh
dinh 1y Miquel nam 1832, dang nam 1838 trong tap chi Jounal de Math-

ematiques Pures et Appliquées.

Dinh ly 5.12. (Dinh Ii Miquel). Gia sit ba dudng tron véi tam Oy, O, O3
c6 mot diém chung I. Goi (O1)N(0s) = M, (02)N(03) = R, (03)N(0) =
N. Du F la diém tuy y trén duong trong tam Os; gia sit FN va F R tuong
ting cat (O1), (0s) tai D va E. Khi dé6 D, M, E thang hang.
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Chitng minh. That vay, néi DM, EM, n6i MI, NI, RI. Dé thay cac
goc F, D, E 1an lugt bit véi céc goc ]VI\R, M/\IN, ]\7]\3, nen F+D+E =
540° — (NIR, MIN, MIR) = 180°.

Tu d6, FDME tao thanh mot tam gidc, nghia 1a D, M, F thang hang.

Hé qua 5.3. Gia sit ba dudng tron
O1, O, O3 giao nhau tai mot diém I, trong
dé O; va Oy cdt nhau tai mot diém thit
hai Ia M, O; va Os cit nhau tai mot diém
thit hai 1a N, Oy va Oz cat nhau tai mot
diém thit hai Ia R. Qua M ké dudng thang
DME (véi D € O, F € Oy). Khi d6 DN Hinh 5.24
va ER cdt nhau tai mot diém F trén O,.

Hé qua 5.4. Trén ba canh DE, DF va FE ctia tam giac DEF, lan hiot
lay ba diém M, N, R. Dung cac duong tron (DMN), (EMR) va (NFR).
Khi dé ba duong tron nay sé c¢6 chung nhau mot diém I (I dugc goi la
diém Miquel ctia tam giéc).

5.8. Dinh ly Brianchon

Pinh 1y 5.13. Céac duong thang AB, BC,CD, DE, EF, F A tiép xtic vdi
mot duong tron lan hugt tai G, H, I, J, K, L (c6 thé khong xép theo thit
tu nay). Khi dé cac duong thang AD, BE,CF dong quy.

Ching minh. Goi M la giao diém ciia AB va CD, N la giao diém ctia
DE va FA. Ap dung dinh 1y Newton cho tit gidc AMDN, suy ra cac
duong thang AD, IL,GJ dong quy tai diém A;.

Tuong tu céac duong thang
BE . HK,GJ dong quy tai Bj,
cac duong thang CF HK,IL
dong quy tai C;. Chu yrang I[L =
A,Cy. Ap dung dinh 1y Pascal cho
cac diem G,G,1I,L,L, H, suy ra

Hinh 5.25
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cac ditm A, O, P thang hang, trong d6 O 1a giao diém ctia GI va LH,
P 1a giao diem ctia IL va HG. Tiép tuc 4p dung dinh 1y Pascal cho cac
diem H,H,L,I,1,G, suy ra C,O, P thang hang. Do d6 A, C, P thang
hang.

Bay gio ta dat G la giao diém cia AB va A1 By, H 1a giao diém cia
BC va B,Cy, P la giao diem ctia CA va IL tic 1a cia CA va C1 A;.

Ap dung dinh 1y Desargues (phan d&o) cho cac tam giac
ABC, A, B,C}, suy ra cac dudng thang AA, = AD, BB, = BE,CC, =
CF dong quy.

Luu ¥ rang phan ddo cta dinh 1y Brianchon ciing dung. That vay,
goi O la giao diém ctia BB; va C'C). Xét céc tam giac RBB;, QCC,. Vi
cac duong thang RQ, BC, B;C; cat nhau tai P, va A la giao diém cla
RB vé6i QC, O la giao diém ctia BB, va CC), A; la giao diém ctia BR
va C1Q. St dung dinh 1y Desargues (phan thuan), ta c6 A, O, A; thang
hang. Do d6, cac duong thang AA,, BB, CC, dong quy.

5.9. Dinh ly Pascal va Dinh ly Newton

5.9.1. Dinh ly Pascal

Pinh 1y 5.14. Cho A, B,C,D,E,F la cac diém cing nim trén mot
duong tron (cé thé khong xép theo thit tu néi trén). Goi P la giao diém
ctiaAB va DE, Q Ia giao diém ctia BC va EF, R la giao diém ctia CD
va FA. Khi dé cac diem P,(Q, R thing hang.

Ching minh.

Goi X la giao diém ctia EF
va AB, Y la giao diém cia AB
va CD, Z la giao diém cia
CD va EF. Ap dung dinh ly
Menelaus cho cac dudng thang
BC,DE,FA (d6i v6i tam giac

XY Z), ta co Hinh 5.26
ZQ XBYC | XPYD ZE | YR ZF XA |
QX' BY' CcZ 7 PY'DZ'EX ' RZFX AY 7
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Nhan cac dang thic trén, cha ¥ ring XA.XB = XE.XF;
70 XP YR
YCYD=YAYB;, ZEZF = ZC.ZD, duc . ) =
’ O OX PY RZ
Theo dinh 15 Menelaus, ta nhan dude cac diem P, Q, R thing hang.
Bai toan 5.13. (Thi vo dich Qubc gia Ba Lan, 1997) Cho ngii giéc 1oi
ABCDE ¢6 DC=DE va BCD = DEA = g Goi F Ia mot diém nim tren

. AF AE L ——
doan thang AB thoa man —— = ——. Chitng minh rang FCE = FDFE

e BF  BC’
va FEC = BDC.

—1.

Lot giadi.

Gia st P la giao diém ciua AE va BC, ta
c6 C,D,E, P nam tréen mot duong tron. Goi
Q, R tuong tng la giao diém DA, DB véi dusng
tron ngoai tiép tit giac CDEP. Cho G 1a giao
diem cia QC va RE. Ta c6 GCE = ADE va
GEC = BDC.

Theo dinh 1y Pascal, ap dung vao luc giac
PCQDRE ta c6 A, G, B thang hang.

Do vay, dé giai bai toan, can chiing minh
A—G:A—E tu do suy ra F' = G.

GB BC’

Dinh 1y sin cho ta:

AG sin@ QC sin RBG _CD sin@ sin DBA

GB sinfR\D.RG'Sin(ﬂ\Q DE.sinGiQ\R'Sin@
B sin ADE AD _AE
sinCDB BD  BC

Hinh 5.27

trong d6, bién doéi sau cling suy tit cac tam giac ADE va BDC vuong.
Bai toan 5.14. (Bai du tuyén IMO, Nga dé nghj, 1991) Cho tam giac
ABC va P Ia diém nim bén trong. Goi P;, P, lan Iuot Ia chan cac duong
vuong goéc ha tir P xuoéng ciac canh AC, BC. No6i AP, BP, tir C ha cac
duong vuong géc xuéng AP, BP. Goi Q1, Qs tiuwong 1tng la chan cac duong
vuog goéc dé. Chitng minh ring cac duong thang Q1 P, Q2P,, AB dong
quy.
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Lot giai.

Vi cac goc C@, @, @,
C'/Q-l\P déu vuong nén cac diém
C,Q,P,P P,,Q, nam trén duong
tron duong kinh CP. CP;, va QP cat
nhau tai A va Qo P, C P, cat nhau 6 B.
Ap dung dinh 1y Pascal cho luc giac
noi tiep CPQ2PQ1P, ta thay ring
Q1P va Py(QQy cat nhau tai ditm K
nam trén duong thang AB.

Hinh 5.28

5.9.2. Dinh ly Newton

Dinh ly 5.15. Mot duong tron noi tiép tit giac ABCD, lan Iuot tiép
xttc véi cac canh AB, BC,CD, DA tai cac diéem E, F,G, H. Khi dé, céc
dusng thang AC, EG, BD, FH dong quy.

Ching minh.

Goi O la giao diém ciua EG va
FH, Goi X la giao diem cta EH
va FG. Vi D la giao diém clia céc
tiép tuyén véi duong tron tai G, H.
Stt dung dinh 1y Pascal cho cac diém
E,G,G,F, H, H ta suy ra cac diem
O, D, X thang hang. Tuong tu st
dung dinh 1y Pascal cho céc diém
E,E. H, F, F,G ta suy ra cac diem
B, X, O thang hang. Do d6 B, O, D thang hang, vi thé cac dudng thang
EG,BD, FH cit nhau tai O. Ching minh tuong tu ta cling nhan dugc
cac duong thang AC, EG, FH cit nhau tai O. Do d6, cac dudng thang
AC,EG,BD,FH dong quy tai O.

Hinh 5.29

5.10. Dinh ly The’bault

Dinh 1y 5.16. Cho tam gidc ABC noi tiép duong tron (O) . D la mot
diém ndm trén canh BC. Duong tron tam P tiép xic véi 2 doan AD, DC
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va tiép xtic trong véi (O). Duong tron tam Q tiép xtc véi 2 doan AD, DB
va tiép xuc trong voi (0O). Goi I la tam duong tron noi tiép tam gidc
ABC. Khi dé ta c¢6 P,I,(Q thing hang.

Ching minh.

Goi G, H lan lugt 1a tiép diém cta (Q)
v6i DB, AD. Goi I 13 giao diém ctia va GH.
Theo dinh i lyness mé rong I 1a tam duong
tron noi tiép tam giac ABC. Vay ta chi can
ching minh P, I,(Q thang hang. That vay,
goi X,Y lan luct la giao diém cia GH va
DQ; EF va DP.

Ap dung dinh 1i Thales ta c6

Hinh 5.30

IX YD QX
PD PD QD’
Vay, P, I,Q thang hang (dpcm).
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Két luan

Luan van da trinh bay vd nhan dugde nhiing két qué sau day.

1. Trinh bay mot sé dinh 1y noi tiéng ap dung vao tam gidc v6i ching
minh day du va tu liéu lich sit. Dac biet 1a dinh 1y Thales va dinh 1y
Pythagorat 1 hai dinh Iy rat noi tiéng, tuy nhién chiing minh hay cta
hai dinh 1§ nay lai khong dugc gidi thiéu trong cac sach gido khoa bang
Tiéng Viéet nén rat nhiéu nguoi giang day va nghién ciiu toan hoc da

khong biét dén cac chitng minh ctia cac dinh 1y nay.

2. Giéi thieu nhiéu dinh 1y noi tiéng khac ctia hinh hoc va cdc mé rong
clia ching chua duge dua vao cac sach giao khoa bang tiéng Viet. D6 1a
dinh 1y Ptolemy, dinh 1y Bretschneider, dinh 1y Ceva, dinh 1§ Menelaus,
dinh 1y Euler, dinh 1§ Simson... 4p dung vao cac bai toan khé vé tam
giac, ti giac, dudng tron, cac dusng va cac diem diac biét.

3. Da khai thac mot sb tinh chat ly thu ctia pedal triic tam (5 tinh chat)
va clia dudng tron ngoai tiép tit giac (10 tinh chat).

4. Tuyén chon va gi6i thiéu nhiéu bai toan tit co ban dén nang cao vi
kho vé ap dung cac dinh 1y hinh hoc noi tiéng. Nhi¢u bai toédn trong
luan van nay dugc lay ra tir cac dé thi hoc sinh giéi hay vo dich clia cic
nude, khu vuce va qubc té, dé giai ching can phai biét van dung sang tao
cac dinh ly tuong tng.
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